
Supplementary Information 1:

This Supplementary Information includes two tables summarizing the equation system solved in

our numerical simulations (Tables S1–S2).

Table S1: List of the equations implemented in the CFD-DEM model
Equation names Equations Ref.

Mass conservation
∂εf∂t +∇∙(εfv⃗f )=0 1

Momentum 
conservation ρf( ∂∂t (εf v⃗f )+∇∙(εfv⃗f⊗v⃗f ))=∇∙(σ́f )+εfρ fg⃗+I⃗f 1

Energy conservation (1−ϕ )ρfCpf(∂Tf∂t +v⃗f∙∇Tf )=−kf∇∙((1−ϕ)∙∇Tf )+Qfs 1

Stress tensor σ́f=Pfδij+23 ηf tr( ϵ́f )δij+2ηf ϵ́ f 1

Euler velocity 
integration v⃗p( k )

(t+∆t )=v⃗p (k )
(t )+∆tF⃗GPD( k )

(t )+∑l=1
Nl( k)

(F⃗CN (k,l )
(t )+F⃗CT(k,l)

(t ) )m (k )

Eq.

(4.4)

Euler displacement 
integration X⃗p (k )

(t+∆t )=X⃗p (k )
(t )+∆tv⃗p( k )

(t+∆t ) 2

Euler rotation 
integration ω⃗p( k )

( t+∆t)=ω⃗p (k )
(t )+∆t∑l=1

N l(k )

( T⃗C( k,l )
+T⃗L (k,l )

( t) )I( k )

2

Integration of solid 
temperature Ts(k)

(t+Δt)=Ts(k)(t)+ΔtsolidQfs(k)
+∑l=1

Nl
(Qss(k,l)

(t)+Qsfs(k,l )
(t))m(k)Cps 2

Normal contact force F⃗cN (i,j )
(t )=(−kn(i, j)

(t )δn(i, j)
(t )+ηn(i,j )

(t )ΔV⃗pN (i,j )
(t ) )n⃗ij 2  5

Tangential contact force F⃗cT( i, j)
(t )=−kt(i, j)

(t )δt(i, j)
(t )+ηt(i,j )

(t )⃗ΔVpT( i,j )
(t )

2  5

Collisional torque T⃗c (i,j )
(t )=

dp(i )−δn( i,j )
( t )2 F⃗cT( i, j)

(t );T⃗c (j,i )
( t )=

dp( j)−δn(i, j)
(t )2 F⃗cT(i,j )

(t )
2

normal spring (Hertzian
model) kn( i,j )

( t )=
43 E(i )E( j )√Reff(i,j )E ( j)(1−σ(i )2 )+E(i )(1−σ ( j)2 )

δn( i, j)
12 (t ) 2

tangential spring 
(Hertzian model) k t( i,j )

( t )=
163 G(i )G( j)√R eff(i,j )G ( j )(2−σ (i) )+G(i )(2−σ ( j) )

δt( i, j)
12 (t ) 2

Elastic modulus G=
E2(1+σ )

2

Normal damping 
coefficient ηn( i,j )

(t )=
2√meff(i, j)kn( i, j)

(t )|lnen|
√π2

+ln2en δn(i,j )
(t )

14 2  5

Tangential damping 
coefficient ηt( i,j )

=
2√meff(i,j )kt(i, j)

(t)|lnet|
√π2

+ln2et δt(i,j )
(t)

14 2  5
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Equation names Equations Ref.

effective radius R eff(i, j)
=

2(d|p (i)
+dp( j) )dp( i)dp( j )

2

Effective mass meff( i, j)
=

m (i )
+m( j )m ( i)m ( j)

2

Solids/Fluid momentum 
exchange on REV I⃗ f (t)=

1νREV∑k=1
Nk F⃗D (k )

(t )KREV(Xp( k )) 2

Drag forces (for the 
fluid) F⃗D( k )

(t )=−∇Pf (t )( π6 dp( k )3)+ βfs( k )
(t )

(1−εf (t ) )(
π6dp(k )3)( v⃗f (t )−v⃗p (k )

(t )) 2

Local fluid/solid 
momentum transfer

βfs(k )
(t )={

34CD(k )
(t )

ρfεf (t)(1−εf )‖v⃗f−v⃗s(k )‖dp(k )
εf−2.65εf≥0.8150 (1−εf (t ) )

2ηfεf (t )dp( k )2 +
1.75ρf (1−εf (t) )‖v⃗f (t)−v⃗s(k )

(t )‖dp(k )
εf<0.83  4

Drag coefficient CD(k )
(t )={

24Re (k )
(t)(1+0.15Re (k )

(t )
0.687 )

Re( k )
(t )<10000.44Re (k )

(t )≥1000 3  4

Particle Gravity-Drag-
Pressure force F⃗GPD(t )=

mp∆t (v⃗f+τv(g⃗−∇Pρp )−v⃗p(t ))(1−e−∆tτv ) Eq.

(4.5)

Reynolds number Re (k )
(t )=

dm(k )‖v⃗f (t )−v⃗s( k )
( t )‖ρfηf 3

Liquid-solid heat 
transfer Qfs(k)

=πNu(k)kf (Ts(k)
−Tf ) 2

Nusselt correlation Nu(k)
=2+0.6Re(k)

12Pr 13 2

Prandle number Pr=ηCPfkf 2

Solid-Solid correlation QSS(i, j)=2ksR*
( i, j)(TS(i )−TS( j)) 2

Solid-fluid-solid 
conduction Qsfs(i, j)=H(i, j)(Ts(i)−Ts(j )) 2

Effective thermal 
conductance H(i, j)= H( i)H( j)H(i)+H( j) 2

Heat conductance when 
separated

H(k)
=−kf∫0

αsfs
( πdp(k)sinθDn̈́(k, j)

−dpkcosθ )d(dpk2 sinθ) 2

Heat conductance when 
in contact

H(k)
=−kf∫

βsfs
αsfs

( πdp(k)sinθDn̈́(k, j)
−dpkcosθ )d(dpk2 sinθ) 2

1  Syamlal et al., (1993)
²  Garg et al., (2010)
3  Benyahia et al., (2012)
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4  Gidaspow, (1986)
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Table S2 : Symbols used in Table S1
Symbol DefinitionCD(k )  Drag coefficient of the kth particleCPf Fluid heat capacityCPs(k) Heat capacity of the kth particledp(i)  ith particle diameterdp(i)en  Particle normal restitution coefficientet  Particle tangential restitution coefficientE (i)  ith particle Young modulusF⃗CN (k,l )  Normal contact force between kth particle and its lth neighborF⃗CT( k,l)   Tangential contact forces between kth particle and its lth neighbor F⃗D( k )  Drag force on kth particleg⃗  Gravitational vector (m s-2)G (k )  kth particle shear modulih (i,j )  Distance between ith and jth particles edges

H Heat conductance at the interface between two particlesI⃗ f  Fluid-solid momentum exchangeI (k )  kth particle moment of inertiaKREM  Generic kernel to determine the influence of a particle located at X⃗p (k )
on the REVkf Fluid heat conductivitykn( i,j )  Normal spring coefficient between ith and jth particles contactk t( i,j )  Tangential spring coefficient between ith and jth particles contactl  Neighbors indexm ( k )  kth particle massmeff( i, j)  ith and jth particles effective radiusN l(k )  Number of neighbors of the kth particleNk  Number of particlesNu Nusselt numbern⃗ ij  Normal vector between ith and jth particlesPf  Fluid pressure (Pa)Pr Prandle numberQfsk Fluid-solid conduction of the kth particleQss(i,j) Solid-solid conduction between the ith and kth particlesQsfs(i,j) Solid-fluid-solid conduction between the ith and kth particles

REV  Representative elementary volumeRe (k )  ith particle Reynolds numberR eff(i, j)  ith and jth particles effective radiusR❑

(i, j)  Contact area radius between ith and jth particlesR* Effective radius of the contact areaT⃗C( k,l)  Contact torque between kth particle and its lth neighborTf Fluid temperatureT⃗L( k,l )  Lubrication torque between kth particle and its lth neighborTsk Temperature of the kth particle
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v⃗ f  Fluid velocity vector (m s-1)v⃗ p( k )  kth particle velocity vector (m s-1)X⃗p (k )  kth particle position (m)βfs(k )  kth particle – fluid momentum transfer coefficientΔVpN (i, j)  Normal relative velocity between ith and jth particlesΔVpT (i,j )  Tangential relative velocity between ith and jth particles

αsfs Angle between the vector relying the mass centers of the particles and the position of the
edge of the thermal boundary layer

βsfs Angle between the vector relying the mass centers of the particles and the position of the
edge of the contact areaδij  Kronecker tensorδn(i,j )  Normal overlap between ith and jth particlesδt(i,j )  Tangential displacement during the contact between ith and jth particles contactε  Roughness distance below which lubrication is ineffective (m)εf  Fluid volume fractionϵ́ f  Fluid strain rate tensorηf  Fluid viscosity (Pa s)ηn( i,j )  Normal damping coefficient between ith and jth particlesηt( i,j )  Tangential damping coefficient between ith and jth particles

θ Incremental angleν  Domain volume (m-3)ρf  Fluid density (kg m-3)σ (i )  ith particle Poisson coefficientσ́f Fluid stress tensorω⃗p( k )  kth particle rotation vector (rad s-1)∇ Nabla operator⊗ Outer product

5


