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ABSTRACT
Evolution of volcanic plumbing systems towards eruptions of different styles and sizes largely depends on processes at crustal
depths that are outside our observational capabilities. These processes can be modelled and the outputs of the simulations
can be compared with the chemistry of the erupted products, geophysical and geodetic data to retrieve information on the archi-
tecture of the plumbing system and the processes leading to eruption. The interaction between magmas with different physical
and chemical properties often precedes volcanic eruptions. Thus, sophisticated numerical models have been developed that
describe in detail the dynamics of interacting magmas, specifically aimed at evaluating pre-eruptive magmamingling andmixing
timescales. However, our ability to explore the parameter space in order to match petrological and geophysical observations
is limited by the extremely high computational costs of these multiphase, multicomponent computational fluid dynamics sim-
ulations. To overcome these limitations, we present a statistical emulator that is able to reproduce the numerical simulations
results providing the temporal evolution of the distribution of magma chemistry as a function of a set of input parameters such
as magma densities and reservoir shapes. The whole rock composition of volcanic rocks is one of the most common measur-
able parameter collected for eruptions. The statistical emulator can be used to invert the observed distribution of whole rock
chemistry to determine the duration of interaction between magmas preceding an eruption and identify the best matching input
parameters of the numerical model. Importantly, the statistical emulator intrinsically includes error propagation, thus providing
confidence intervals on predicted interaction timescales on the base of the intrinsic uncertainty of the input parameters of the
numerical simulations.

KEYWORDS: Volcanology; Petrology; Magma Dynamics; Statistical Emulation.

1 INTRODUCTION

Magmatic processes preceding volcanic eruptions occur at
depths of kilometres to tens of kilometres and are therefore
not directly accessible: the only direct information about pre-
eruptive magma storage conditions is provided by the volcanic
rock record. Thus, textural [Cashman and Marsh 1988; Hig-
gins 2000; Zellmer et al. 2020], rheological [Lejeune and Richet
1995; Hess and Dingwell 1996; Lavallée et al. 2007; Pistone et
al. 2012; Heap et al. 2020], and chemical [Marsh 1981; Blundy
and Cashman 2001; Davidson et al. 2007; Putirka 2008; Ed-
monds et al. 2010; Humphreys et al. 2012; Cooper and Kent
2014; Neave et al. 2014; Cassidy et al. 2016; Stock et al. 2018;
Edmonds et al. 2019; Maclennan 2019; Zellmer et al. 2020]
characterisation of volcanic rocks is central to our understand-
ing of the processes leading to volcanic eruptions. However,
to retrieve quantitative information on pre-eruptive processes
from the analysis of the rock record, it is fundamental first to
compare the chemistry of minerals, rocks, and glasses with
those produced experimentally [Nimis 1995; Putirka 2008; Pe-
trelli et al. 2020] and then to compare the analyses with the
results of experiments or numerical modelling [e.g. Annen et
al. 2006; Caricchi et al. 2014; Perugini et al. 2015; Jackson
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et al. 2018]. We will focus here on the comparison between
volcanic rock record and numerical modelling results.

Physical modelling is a fundamental tool to link observ-
able quantities at the Earth surface and magmatic processes at
depth [e.g. Bagagli et al. 2017; La Spina et al. 2022]. Modelling
efforts have been directed both at tackling the complex ther-
mochemistry of multiphase magmas [e.g. Gualda et al. 2012;
Bohrson et al. 2014; Keller and Suckale 2019; Rummel et al.
2020], in order to be able to replicate observed geochemical
patterns in erupted products (crystals, melt inclusions [e.g.
Caricchi et al. 2018; Wei et al. 2022]) as well as emitted gas
chemistry and fluxes [e.g. Chiodini et al. 2012], and at repli-
cating observed geophysical signals such as ground deforma-
tion, gravity anomaly, and seismicity recorded at active vol-
canoes [e.g. Poland and de Zeeuw-van Dalfsen 2021; Matoza
and Roman 2022]. Inclusion of all relevant physics is often
impossible, given the wide variety of length and time scales
that characterise volcanic systems at large; therefore, differ-
ent approximations are typically used to target specific ques-
tions: homogeneous reservoirs are often assumed in order to
model ground deformation [e.g. Mogi 1958; Zhong et al. 2019];
magma motion is usually neglected when modelling crystal
growth patterns [e.g. Iovine et al. 2017; Petrone et al. 2018].
Necessity of simplifying assumptions is also motivated by the
very high computational costs of running large-scale, detailed
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simulations of the overall magmatic system evolution [Garg
and Papale 2022]. This also largely limits our ability to ex-
plore the wide range of initial conditions and input parame-
ters that characterise magmatic systems, such as temperatures
and pressures/depths of melt reservoirs, as well as their size,
shape, and melt chemistry, and volatile content. Moreover, as
properties of magma reservoirs at depth cannot be measured,
models’ initial conditions are typically characterised by large
uncertainties which are—in turn—difficult to define.

Due to the necessary assumptions and uncertainties associ-
ated with the range of some of the input parameters of physical
models, it is often impossible to quantitatively assess the im-
pact of initial assumptions on the final results of the models.
This would require the realisation of millions of simulations
to systematically investigate the full range of input parame-
ters. Additionally, the use of complex physical models during
volcanic unrest can be unpractical as the realisation of simula-
tions can be time-intensive and the integration of continuous
streams of data not straightforward [Selva et al. 2012].

This is where the combination of physical modelling and
statistical emulation becomes essential. Using the outputs of
simulated physical states and the corresponding values for the
theoretical parameters—i.e. simulated data produced by a sim-
ulator given a set of input parameters—a Statistical Emulator
(SE) allows one to predict the physical model output given a
specific input, along with an associated measure of the uncer-
tainty on this prediction. More precisely, an SE is a probabilis-
tic model that links any output of a simulator, often summary
statistics of the simulated data, produced by a theoretical phys-
ical model (i.e. the simulator), to the parameter values used
to produce the simulation results. Once trained on a series
of simulated data, the SE can be used on observed data to
calibrate the possible values of some of the input parameters
of the underlying physical process. Statistical emulation is a
very popular method in environmental sciences. While Sacks
et al. [1989], Currin et al. [1991], Kennedy and O’Hagan [2001],
Santner et al. [2003], and Higdon et al. [2008] use a Gaussian
process to model the uncertainty, this requires long compu-
tational times and a large number of SEs; in practice, a (mul-
tivariate) regression model is often preferred (see e.g. Salter
and Williamson [2016] for a discussion and references). No-
tably, different SEs that rely on various statistical assumptions
are regularly proposed, and they depend both on the physical
model and the available data; see e.g. Mahmood et al. [2015],
Guillas et al. [2018], and Yang et al. [2020] to cite just a few.

In this paper we present results from a numerical model
of magma mingling, tailored for the Campi Flegrei magmatic
system (Italy) [Montagna et al. 2022]. We show how silicate
melt composition evolves as two parental magmas interact
in a relatively shallow reservoir at 3km depth, approaching
compositional homogeneity [Montagna and Papale 2018], for
different setups characterised by varying reservoir shape and
magmatic volatile contents. An SE is then trained on these re-
sults; we present the high accuracy it achieves in reproducing
simulated results, even at large down-sampling, and the error
quantification associated with this method.

2 MAGMA DYNAMICS MODELS
The very existence of magma within the Earth’s crust requires
prolonged input of mass and energy (i.e. heat) from the mantle
source [Glazner et al. 2004; Annen et al. 2006; Karakas et al.
2017]. Thus, the progressive assembly of volcanic plumbing
systems naturally results in the interaction between resident,
and generally colder, magma and hot, generally more primi-
tive magma rising through the crust. Abundant field evidence
exists for this process, both in the plutonic and volcanic rock
records [Blundy and Sparks 1992; Perugini and Poli 2005; Mor-
gavi et al. 2016; Ridolfi et al. 2016; Morgavi et al. 2017], and in
some cases such interaction can culminate in a volcanic erup-
tion [Caricchi et al. 2021]. Examples of magma input triggering
volcanic activity can be identified at Campi Flegrei, Santorini
(Greece), Yellowstone Caldera (USA), and Long Valley Caldera
(USA) [Wark et al. 2007; Druitt et al. 2012; Morgavi et al. 2016;
Forni et al. 2018], and approaches have been proposed to de-
termine the duration of magma interaction preceding an erup-
tion [Perugini et al. 2015]. Here, we simulate the dynamical
evolution of a melt-dominated magmatic reservoir subject to
the injection of deeply-sourced, more primitive, more volatile-
rich (buoyant) magma [Montagna et al. 2015; 2022], focusing
on the quantification of the time scales of magmatic convec-
tion and mingling.

2.1 Physical model setup
Numerical simulations of magma chamber replenishment
were performed using the finite-element C++ code GALES
[Longo et al. 2012a; Garg et al. 2018a; b]. The physico-
mathematical model describes the space-time dynamics of a
multicomponent mixture consisting of silicate melt in thermo-
dynamical equilibrium with a gas phase at the local conditions
of pressure, temperature and composition [Longo et al. 2012b;
Papale et al. 2017; Garg et al. 2019]. The conservation equa-
tions for the mass of single components and momentum of the
whole mixture are solved together with the gas-liquid thermo-
dynamic equilibrium model [Papale et al. 2006] and the con-
stitutive equations for multiphase, multicomponent mixture
properties density and viscosity [Reid et al. 1977; Ishii and Zu-
ber 1979; Lange 1997; Giordano et al. 2008].
We explore buoyant magma mixing and its timescales
based on the archetypal case of the Campi Flegrei volcanic
system, where occurrences of interacting magmas have been
widely testified [Tonarini et al. 2009; Arienzo et al. 2010; Four-
mentraux et al. 2012; Forni et al. 2018]. We model the injection
of CO2-rich, shoshonitic magma coming from a deep reservoir
into a shallower, much smaller one, containing more evolved
and partially degassed phonolitic magma [Mangiacapra et al.
2008; Arienzo et al. 2009; Di Renzo et al. 2011]. The interac-
tion dynamics is solely driven by buoyancy, stemming from
the initial unstable density contrast between the shoshonitic
and phonolitic end-members [Longo et al. 2023].
Different geometries and volatile contents of the shallow
chamber were considered to account for a range of possible
conditions at Campi Flegrei. Specifically, the shallow reser-
voir is oblate (Simulations 1 and 4 in Table 1), circular (Simu-
lation 3 in Table 1), or prolate (Simulations 2 and 5 in Table 1);
the surface area is kept constant. Total (dissolved and excess
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fluid) volatile contents in the phonolitic magma are 0.3 wt.%
CO2 and 2.5 wt.% H2O for Simulations 1, 2, and 3 in Table 1,
while for Simulations 4 and 5 they are set to 0.1 wt.% CO2
and 1 wt.% H2O [Mangiacapra et al. 2008]. Figure 1 shows the
simulated domain and summarises the conditions for the nu-
merical simulations; the deep chamber contains a shoshonitic
magma with 2 wt.% H2O and 1 wt.% CO2.
The different settings in Figure 1 can be represented by two
meaningful quantities, the initial density difference at the inter-
face among the two end-member magmas (shallow phonolite
and deep shoshonite) Δρ, and the aspect ratio of the shallow
reservoir 𝑎. Table 1 shows the values of these parameters for
the five simulated scenarios. The initial density contrast is due
to different volatile contents in the shallow reservoir, as well
as different phase partitioning in volatiles. The latter depends
on pressure, in turn a function of the depth of the interface
which changes according to reservoir shape.

Table 1: Values of the input parameters for each simulated sce-
nario.

Aspect ratio Density difference
𝑎 Δρ [kgm−3]

Simulation 1 0.5 35
Simulation 2 2.0 20
Simulation 3 1.0 30
Simulation 4 0.5 160
Simulation 5 2.0 130

2.2 Magma mingling

As the two magmas come into contact at time 0, a gravitational
Rayleigh-Taylor instability [Chandrasekhar 2013] develops at
the interface because of the density difference Δρ between the
denser magma in the shallow reservoir and the volatile-rich
and less dense injected magma. Figure 2 shows the space-time
evolution of the composition within the shallower, initially
phonolitic reservoir where shoshonitic magma is injected.
Plumes of light magma rise into the shallow reservoir and
trigger convective patterns enhancing magma mixing, while a
portion of the degassed phonolitic magma initially hosted in
the shallow reservoir sinks through the feeding dyke. With
time, less dense shoshonitic magma tends to accumulate at
the top of the system, and a density-stratified magma cham-
ber develops, more so when convection is more afficient, i.e. at
small aspect ratios and large initial density contrasts (Figure 2)
[Montagna et al. 2015]. The space-time evolution of compo-
sition within the reservoir depends both on its aspect ratio
𝑎 and on the initial density contrast Δρ (Figure 2), but in all
cases it testifies for the progressive homogenisation of magma
chemistry [Montagna et al. 2015]. The time duration and effi-
ciency of the interaction only depend on the initial conditions,
i.e. Δρ and 𝑎 [Papale et al. 2017].
During the magmatic interaction described above, an erup-
tion can occur, sampling the magma from the reservoir. Here
we assess the capacity of the distribution of erupted magma
chemistry to return information on the duration of interaction

preceding the eruption. This sort of information is essential
for determining, from the study of past eruptions triggered by
the interaction between magmas, the amount of time available
between potential monitoring signs of magma input into a rel-
atively shallow reservoir and an eruption [Bagagli et al. 2017].
Instead of performing a large number of numerical simula-
tions, we resort to statistical emulation. We use the distribu-
tion of magma chemistry as a function of time obtained from
the numerical simulations to fit the SE. The final target of this
approach is to build a model which, on the basis of the distri-
bution of erupted magma chemistry, provides the timescales
of magmatic interaction that preceded the eruption, and the
associated uncertainties.
Magmatic composition in the model is defined as the pro-
portion of one end-member (shoshonite) with respect to the
total, thus it varies between 0 and 1. End-member composi-
tions are in turn defined by the ten major oxides (SiO2, TiO2,
AlO2, Fe2O3, FeO, MnO, MgO, CaO, Na2O, K2O [Montagna
et al. 2015]), plus volatiles (main components water and CO2
only). The timescales of the dynamics described by these sim-
ulations are very short compared to typical diffusive timescales
for oxides in magmas at our resolution (minimum grid size is
∼1 m [Zhang and Gan 2022]), therefore the approximation of
mingling holds and the modelled compositions compare with
whole rock datasets. The oxides compositions of the two end-
member magmatic components, as well as their volatile con-
tents partitioned between liquid and exsolved phases, are in
turn used in the model to evaluate volatile phase partitioning,
and density and viscosity of the fluid, thus they have a signifi-
cant impact on the evolution of the system [Longo et al. 2012a;
Montagna et al. 2015; Longo et al. 2023].

3 A STATISTICAL EMULATOR
An SE is a probabilistic model that links the output of a sim-
ulator (D ∈ D ⊂ IR𝐾1 ), or a suitable function of the simulated
data (Y = Y(D) ∈ Y ⊆ IR𝐾2 ), with 𝐾2 ≪ 𝐾1, produced
by a theoretical (complex) model (simulator), to the parameter
values (x ∈ X ⊆ IR𝐾3 ) used to produce the simulation results.
Very generally, one considers theoretical models that are com-
plex enough so that simulating one possible outcome, i.e. the
outcome obtained with one (set of) value(s) for the parameters
governing the theoretical model (i.e. x𝑖 ∈ X ⊆ IR𝐾3 ), is com-
putationally very demanding. In these cases, the simulator
cannot simulate information for all sets of possible parame-
ters x𝑖 , but instead can simulate from a finite sample, say x𝑖
for 𝑖 = 1, . . . , 𝑚, of carefully chosen combinations of values
for the x𝑖 ’s.
In the context of time-dependent outputs, the set of parame-
ters x𝑖 also contains the time points 𝑡 ∈ {𝑡1, . . . , 𝑡𝑛𝑖 }, that can
be conveniently separated into 𝑛𝑖 subsets x𝑖𝑡 , i.e. one for each
time point. The function of the simulated data, e.g. 𝐽 sum-
mary statistics, can be denoted as 𝑌𝑖𝑗𝑡 , and in full generality,
an SE postulates a relationship of the form

𝑌𝑖𝑗𝑡 = 𝑓 𝑗 (x𝑖𝑡 , θθθ 𝑗 ) + ε𝑖𝑗𝑡 , (1)

where θθθ 𝑗 , for 𝑗 = 1, . . . , 𝐽 , are the SE’s parameters that are
allowed to differ according to the different summary statis-
tics. The emulators 𝑓 𝑗 can be the same functions for all
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Figure 1: Summary of the five simulated settings. The upper chamber is either elliptical, with semi-axes of 200 and 400 m, or
circular, with radius of 283 m to keep the same surface area. The dyke, which at time 0 hosts shoshonite like the deep chamber,
is 20 m wide. The deep reservoir is elliptical, with semi-axes of 4.0 and 0.5 km. [A] full simulated domain, with prolate shallow
reservoir; grey rectangle indicates the region magnified in [B], [C] and [D]. [B] Simulations 1 and 4 with oblate shallow reservoir.
[C] Simulation 3 with circular shallow reservoir. [D] Simulations 2 and 5 with prolate shallow reservoir.

𝑗 , but they differ in the values of the parameters θθθ 𝑗 . The
stochastic term ε𝑖𝑗𝑡 allows to model what is not captured
by the emulator and is defined after Equation 2. Thus, in
vector form, we can consider Y𝑖𝑗 = 𝒇 𝑗 (x𝑖 , θθθ 𝑗 ) + εεε𝑖𝑗 =[
𝑓 𝑗 (x𝑖𝑡1 , θθθ 𝑗 ), . . . , 𝑓 𝑗 (x𝑖𝑡𝑛𝑖 , θθθ 𝑗 )

]𝑇
+ εεε𝑖𝑗 , or, in a more compact

form:

Y𝑖 = 𝒇 (x𝑖 , θθθ) + εεε𝑖

=

[
𝑓1 (x𝑖𝑡1 , θθθ1), . . . , 𝑓1 (x𝑖𝑡𝑛𝑖 , θθθ1), . . . ,

. . . , 𝑓𝐽 (x𝑖𝑡1 , θθθ𝐽 ), . . . , 𝑓𝐽 (x𝑖𝑡𝑛𝑖 , θθθ𝐽 )
]𝑇

+ εεε𝑖 . (2)

One also supposes, very generally, that εεε𝑖 =

[ε𝑖𝑗𝑡 ] 𝑗=1,...,𝐽𝑡=𝑡1 ,...,𝑡𝑛𝑖 is a stochastic process such that
εεε𝑖 ∼ F {0,𝚺}, where F denotes some probability distri-
bution in IR𝐽×𝑛𝑖 with mean 0 and covariance 𝚺, where
Σ𝑘𝑙 = σ2

𝑘
for 𝑘 = 𝑙 and its off-diagonal terms can be non-zero.

The vector of parameters θθθ = [θθθ𝑇1 . . . θθθ𝑇𝐽 ]𝑇 ∈ 𝚯 ⊆ IR𝑝
is unknown, and needs to be estimated given a series of

simulations D = (D1, . . . ,D𝑚) from which 𝐽 summary
statistics are computed at 𝑛𝑖 time points to obtain the Y𝑖 ’s.
The noise εεε𝑖 captures the approximation error of the link
functions 𝑓 𝑗 in Equation 2, which can be made as complex
as possible, but will never match exactly the true underlying
theoretical process. The noise is random, and we suppose
that its (probability) distribution is fully specified by its
first two moments—i.e. for the 𝑖-th simulation, E[εεε𝑖] = 0
and cov(εεε𝑖) = 𝚺. Importantly, the components of 𝚺 can
be estimated to obtain an estimated covariance matrix �̂�,
which can be used to compute confidence intervals for the
predictions provided by the SE.

3.1 Application to magma dynamics

We consider here an SE for the magma dynamics model pre-
sented in Section 2. The salient features of the SE, as well
as the construction of its inputs, are highlighted in the flow
chart of Figure 3. The input parameters x𝑖𝑡 , for the 𝑚 = 5
simulations described in Table 1, are the aspect ratio of the
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Figure 2: Space-time evolution of composition in the upper region of the simulated domain, for the different scenarios. Rows
represent different times, columns represent different simulations.

shallow reservoir 𝑎𝑖 , the initial density difference between
the two end-member magmas Δρ𝑖 , and the interaction time
𝑡 ∈ {𝑡1, . . . , 𝑡𝑛𝑖 }, so that x𝑖𝑡 = [𝑎𝑖 ,Δρ𝑖 , 𝑡]𝑇 . The output from
the simulator is D𝑖 , an 𝑟𝑖 × 𝑛𝑖 matrix containing the silicate
melt compositions expressed as the proportions of the two
end-member magmas, which are measured across 𝑟𝑖 locations
of the shallow reservoir at 𝑛𝑖 interaction times. From this sim-
ulator output, summary statistics are computed to reduce the
output dimension, and we have chosen to consider 𝐽 = 5
quantiles (namely, 0.05, 0.25, 0.50, 0.75, and 0.95) computed
from the distribution of the compositions over the 𝑟𝑖 locations,
with 𝐽 ≪ 𝑟𝑖 . Namely, 𝑌𝑖𝑗𝑡 in Equation 1 corresponds to the 𝑗 -
th row (i.e. 𝑗 -th quantile) and 𝑡-th column of Y𝑖 in Figure 3. A
statistical model as in Equation 1 is then fitted to the summary
statistics to obtain an estimated value θ̂θθ. The statistical model
we consider is Equation 1 with 𝑓 𝑗 (x𝑖𝑡 , θθθ 𝑗 ) = 𝑓 𝑗 (𝑡,Δρ𝑖 , 𝑎𝑖 , θθθ 𝑗 )
and

𝑓 𝑗 (𝑡,Δρ𝑖 , 𝑎𝑖 , θθθ 𝑗 ) = β1 𝑗 + β2 𝑗 𝑡 + β3 𝑗Δρ𝑖 + β4 𝑗𝑎𝑖

+ β5 𝑗 𝑡Δρ𝑖 + β6 𝑗 𝑡𝑎𝑖 + β7 𝑗Δρ𝑖𝑎𝑖

+ β8 𝑗 𝑡Δρ𝑖𝑎𝑖 + β9 𝑗 𝑡
2𝑎𝑖 + β10 𝑗 𝑡

3𝑎𝑖

+ β11 𝑗 𝑡
4𝑎𝑖 + β12 𝑗 𝑡

2Δρ𝑖𝑎𝑖

+ β13 𝑗 𝑡
3Δρ𝑖𝑎𝑖 + β14𝑡

4Δρ𝑖𝑎𝑖 . (3)

Therefore, the (unknown) parameter vector θθθ =[
θθθ𝑇1 , . . . , θθθ

𝑇
𝐽

]𝑇 , with θθθ 𝑗 = [β1 𝑗 , . . . , β14 𝑗 ,σ2𝑗 ]𝑇 , has di-
mension 𝑝 = 15 · 𝐽 = 75. To estimate the parameters in
Equation 3, namely θ̂θθ 𝑗 = [β̂1 𝑗 , . . . , β̂14 𝑗 , σ̂2𝑗 ]𝑇 , we consider
the Ordinary Least Squares (OLS) estimator for a standard

linear regression model. More precisely, the data were split
into 𝐽 subsets and the corresponding 𝑌𝑖𝑗𝑡 were regressed on
𝑡,Δρ𝑖 , 𝑎𝑖 and combinations of them according to Equation 3,
for each 𝑗 separately. Importantly, in order to reduce the
computational burden, we considered a uniform random
subsample encompassing 30 % of the simulated interaction
times 𝑡. Indeed, the total number of time points was,
on average across the 𝑚 = 5 simulations, approximately
𝑛𝑖 = 2200, so that 30 % of the simulated interaction times
represents an average of 𝑛∗

𝑖
≈ 650 points per simulation,

which corresponds to a regression model with approximately
𝑛∗
𝑖
×𝑚 = 650×5 = 3250 responses. We remark that while the
choice of summary statistics and statistical model is arbitrary,
with the possibility of considering alternative options, the SE
provides satisfactory results with the current formulation (see
Section 3.2). Then, the (unknown) conditional expectation
E
[
Y𝑖𝑗

��𝑡, 𝑎𝑖 ,Δρ𝑖 , θθθ 𝑗 ] = 𝑓 𝑗 (𝑡,Δρ𝑖 , 𝑎𝑖 , θθθ 𝑗 ) can be estimated by
𝑓 𝑗 (𝑡,Δρ𝑖 , 𝑎𝑖 , θ̂θθ 𝑗 ). The latter can be used to predict 𝑡, or in-
deed also 𝑎 or Δρ, given a set of outcomes y = [𝑦1, . . . , 𝑦𝐽 ]𝑇 ,
which are usually obtained by field measurements. In our
case the measurements are the whole rock chemistry of
erupted volcanic rocks. Thus, given an observed ŷ (field
measurements of whole rock chemistry of erupted rocks), and
as precise as possible information about 𝑎 (from geophysics)
and Δρ (which can be calculated from the chemistry of the
two end-member magmas and existing models [see e.g. Lange
1997]), a statistical emulation prediction for the interaction
time 𝑡 can be obtained through

�̂� = argmin
𝑡

ŷ − 𝒇 (𝑡, 𝑎,Δρ, θ̂θθ)
2
�̂�(θ̂θθ)

, (4)
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Magma Dynamics Model Inputs:

(Simulation i for i = 1, . . . ,m)

1. Aspect ratio ai

2. Density difference ∆ρi

3. Interaction times: t
(for all t ∈ {t1, . . . , tni})

Magma Dynamics
Model Simulated Data:

Di ∈ [0, 1]ri×ni

Dimensionality
Reduction

Summary Statistics:

Yi = Yi(Di) ∈ [0, 1]J×ni

with J ≪ ri

Parameter Estimation:

Given a statistical model Fθ, the estimated

parameter vector minimizes a suitable loss function

between Yij ∈ [0, 1]J (i.e., the j-th row of Yi) and its

prediction function fj(t, ai,∆ρi,θj) ∈ [0, 1]J for all i, t

Estimated Parameters
θ̂j for j = 1, . . . , J

Statistical Emulator:

For any t, an approximation of

E
[
Yij

∣∣t, ai,∆ρi,θj
]
is

fj(t, ai,∆ρi, θ̂j) for all i, j

Interaction Time Estimation:

Given (values for) a, ∆ρ and one J-dimensional

realization ŷ, we can estimate t as follows:

t̂ = argmin t{ŷ − f(t, a,∆ρ, θ̂)}TΩ{ŷ − f(t, a,∆ρ, θ̂)}

1

Figure 3: Flow chart from the simulator output to the statistical simulator and the prediction computation for the magma dy-
namics model in Section 2.

where ∥x∥2𝐴 = x𝑇 𝑨x, and �̂�(θ̂θθ) is a suitably chosen pos-
itive definite weighting matrix. In particular, �̂�(θ̂θθ) should
be as close as possible to the inverse covariance matrix of
the model’s errors. In our case study we simply choose
�̂�(θ̂θθ) = diag(1/σ̂2𝑝1 , . . . , 1/σ̂

2
𝑝𝐽
), where diag(·) denotes a di-

agonal matrix and σ̂𝑝 𝑗 (for 𝑗 = 1, . . . , 𝐽) is the standard error
of the predicted mean for the 𝑗 -th quantile. The prediction �̂�
defined in Equation 4 is a classical minimum distance estima-
tor with well-known statistical properties [see e.g. Newey and
McFadden 1994]. Under plausible conditions, this estimator
is consistent for 𝑡 and, under stronger conditions, asymptoti-
cally normally distributed, which implies that we can use this
property to associate prediction errors when assessing error
propagation (see Section 4).

3.2 Prediction Accuracy

To evaluate the prediction accuracy of the SE, we consider ŷ
which is obtained by running the simulator at known 𝑎, Δρ,
and 𝑡. Then, we can compare the predicted interaction time �̂�
based on Equation 4 to the known interaction time 𝑡, say the
true interaction time, hence providing a way to evaluate the
(in sample) prediction accuracy.
Figure 4A compares predicted (�̂�) versus the true (𝑡) inter-
action time (both measured in hours) for Simulations 2–4 of
Table 1; Simulations 1 and 5 exhibit comparable results and
are consequently excluded. The resulting predictions across

different simulation settings are very close to the true ones,
which are represented by a dashed black line. This is further
highlighted in Figure 4B which reports the associated absolute
prediction errors, i.e. |�̂� − 𝑡 |. Overall, absolute errors are lower
than 0.8 hours across all settings and typically lower than 0.2
hours. However, a noticeable increase in prediction errors is
present only for Simulation 2 as interaction time approaches 5
hours. This might be due to the fact that the setting of Simula-
tion 2 produces outputs that take much longer than the others
to homogenise, as both lower density contrasts and prolate
reservoir shape hinder mingling efficiency [Montagna et al.
2015], so that, at larger times, the output is notably different
to the output in the other settings. This feature should be in-
troduced in the SE, in order to produce better predictions, but
this is left for further research. This prediction accuracy ex-
ercise highlights the subtle adjustments that are needed when
comparing predictions to actual data. Moreover, it should be
emphasised that larger prediction errors could be partially ex-
plained also by poorer performance of the SE itself in some
parts of the parameter space (see Section 5.2 for further de-
tails).
Since the SE is built up using all information in the shallow
reservoir, we also performed an emulation study to investigate
two aspects of the SE; here we keep the SE parameters as esti-
mated in Section 3.1. First, we note that the whole simulated
data for the estimation of the parameters of the SE (i.e. θ̂θθ 𝑗

Presses universitaires de �rasbourg Page 530



VOLC

V

NIC

V

7(2): 525–539. https://doi.org/10.30909/vol.07.02.525539

Figure 4: Panel [A] predicted (solid lines) versus true (dashed line) interaction times (in hours) across Simulations 2–4 of Table 1,
computed using Equation 4. Panel [B] absolute prediction errors associated with each simulation setting.

for 𝑗 = 1, . . . , 𝐽) might not, a priori, be necessary. There-
fore, we also considered uniformly subsampling the simula-
tor’s outputs for given aspect ratios, density differences, and
time, i.e. the rows of D𝑖 in Figure 3. The subsamples repre-
sent respectively 60, 30, and 10 % of the simulated outcomes,
on which the quantiles of interest are then computed. Addi-
tionally, as an eruption could extract magma from progres-
sively deeper portions of the magmatic reservoir, we assessed
the accuracy of the SE in predicting the times considering the
lower and upper half of the magma reservoir, separately. The
predicted versus true interaction times (in hours) across Sim-
ulations 2–4, computed using Equation 4, are presented in
Figure 5, for the different emulation settings. Panels 5A–5C
assess the accuracy of the SE on the whole shallow reser-
voir, while panels 5D–5F and panels 5G–5I highlight its ac-
curacy in respectively, the upper half and lower half parts
of the shallow reservoir. Within each panel, the accuracy is
assessed using different sampling proportions. In particular,
Figure 5A–C shows that, across the considered simulation set-
tings, subsampling from the whole shallow reservoir does not
significantly impact predictive accuracy, with the exception of
Simulation 2 (Figure 5A), which is characterised by a slightly
longer homogenisation time, resulting in a more spread distri-
bution. However, the remaining panels of Figure 5 highlight
the presence of estimation biases even under a full sampling
scheme. Such biases are more marked for Simulation 4, re-
ported in Figure 5C, 5F, and 5H, and they can be partially
explained by the nature of this simulation. These biases can
be generally associated with chamber stratification. Indeed,
while the whole system is more or less going towards ho-
mogeneity, it does so in a way that the upper half shallow
chamber contains more of one of the two end-member mag-
mas, and the lower half shallow chamber contains more of the
other. Having said that, it should be stressed that these biases
are not due to an inaccurate adjustment of the SE, but instead

constitute additional information for field data collection. For
instance, if the available deposits from eruptions show a tran-
sition of chemistry from the bottom to the top of the deposit,
then one would adapt the SE to separate the simulator outputs
from the upper and lower half, so that better predictions can
be built. In other words, when chemical gradients in erupted
deposits can provide additional information on the modality of
magma extraction from the subvolcanic reservoir, the SE can
be adapted accordingly. Indeed, due to the non-homogeneous
nature of reservoir processes, different regions of the system
may record different homogenisation timescales, as opposed
to one common history for all.

4 ERROR PROPAGATION
The (fixed) parameters 𝑎, Δρ and ŷ in Equation 4 are sub-
ject to measurement error, 𝒇 (·) is subject to approximation
error, and the (fixed) parameters θ̂θθ are subject to estimation
error. The last two types of errors can be deduced from the
properties of the estimators using model Equation 2. We how-
ever found out that the approximation error—due to the use
of a statistical model 𝒇 (·) to approximate the true physical
mechanism—is small for the considered application (see Fig-
ure 4), and the estimation error for θ̂θθ is negligible.
Measurement errors for 𝑎, Δρ, and the elements of ŷ can
be inferred from scientists’ experience. All sources of error
can then be included in the statistical emulation procedure
to obtain a set of possible values for �̂� in Equation 4, from
which confidence intervals can be built. This can be achieved
through simulations. Indeed, one can consider that the errors
are symmetrically distributed around the actual value of the
parameters, so that, for each parameter, we can simulate an
error drawn from a pre-specified distribution, such as the nor-
mal distribution. This is equivalent to simulating possible val-
ues for the different parameters, from a normal distribution,
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∆ρ = 20 kg/m3, a = 2 ∆ρ = 30 kg/m3, a = 1 ∆ρ = 160 kg/m3, a = 0.5

Full sampling

Sub-sample: 60%

Sub-sample: 30%

Sub-sample: 10%

1 2 3 4 5

True Interaction Time [h]

1 2 3 4 5

True Interaction Time [h]

1 2 3 4 5

True Interaction Time [h]

A B C

D E F

G H I

Figure 5: Predicted (solid lines) versus true (dashed lines) interaction times (in hours) across Simulations 2–4 of Table 1, com-
puted using Equation 4. The predicted interaction times are computed on the whole shallow reservoir (panels [A]–[C]), the upper
half part (panels [D]–[F]) and the lower half part (panels [G]–[I]) of the shallow reservoir. Within each panel, the predicted inter-
action times are computed on different (uniform) subsamples.

centred at the true value, with a pre-specified variance. For
the latter, based on domain knowledge, a standard error of
10 % of the actual value is usually expected. Let the elements
𝑦∗
ℎ 𝑗
of ŷ∗

ℎ
, 𝑎∗

ℎ
, and Δρ∗

ℎ
, for ℎ = 1, . . . , 𝐻, be (independent)

random realisations drawn from normal distributions, then

�̂�∗ℎ = argmin
𝑡

ŷ∗ℎ − 𝒇 (𝑡, 𝑎∗ℎ,Δρ
∗
ℎ, θ̂θθ)

2
�̂�(θ̂θθ)

(5)

represents a suitable distribution for �̂� that takes into account
all (significant) sources of errors. Thus, a confidence interval
at the 1−α confidence level for 𝑡 is given by (�̂�∗(𝑙) , �̂�

∗
(𝑢) ), where

𝑙 = ⌊(α/2)𝐻⌋ and 𝑢 = ⌈(1 − α/2)𝐻⌉, with 𝑥 (𝑖) being the
𝑖-th order statistics, and with ⌊𝑥⌋, respectively ⌈𝑥⌉, being the

integer smaller than or equal, respectively larger than or equal,
to 𝑥.

Figure 6 presents 95 % confidence intervals for predicted
interaction times (in hours), across Simulations 2–4 (from left
to right), when some parameters are fixed and others are sub-
ject to random error. Specifically, in Figure 6A–6C, both 𝑎
and Δρ are subject to random error while the elements of ŷ
are fixed, in Figure 6D–6F, 𝑎 and Δρ are fixed while the ele-
ments of ŷ are subject to random error, and in Figure 6G–6I
all parameters are subject to random error. Overall, predicted
interaction times are close to the true ones across all simula-
tion settings, and we note that the estimation variability in-
creases as we assess for all input parameters (Figure 6G–6I).
Confidence intervals are generally smaller than 20 %, reach-
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a∗ ∼ N (2, 0.22), ŷ∗j ∼ N (ŷj , (ŷj/10)
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Figure 6: Sensitivity of the SE across Simulations 2–4 of Table 1, where input parameters Δρ∗ and 𝑎∗ (panels [A]–[C]), 𝑦∗
𝑗
(pan-

els [D]–[F]), Δρ∗, 𝑎∗, and 𝑦∗
𝑗
(panels [G]–[I]) are drawn from normal distributions centred at their true values (Δρ, 𝑎, 𝑦 𝑗 ) with

standard deviations equal to 10 % of such true values. Average predicted (solid lines) versus true (dashed lines) interaction
times (in hours), as well as 95 % confidence intervals, are computed using H = 200 in Equation 5. Each setting is restricted to a
(uniform) subsample encompassing 25 % of the locations sampled from the shallow reservoir.

ing up to 30 %. Given the large uncertainties that charac-
terise our understanding of inaccessible magmatic plumbing
systems [Sigurdsson et al. 2015], these confidence intervals are
rather narrow and allow us to provide meaningful estimates
of pre-eruptive magmatic interaction times.

5 DISCUSSION
The results of our analysis show that the SE is capable of re-
producing the results of the numerical model with small un-
certainty when both the contrast in density and the shape of
the reservoir in which the interaction between magma occurs
are known (Figure 4). This is also true when we consider
subsamples of the simulated domain. Interestingly, for some

of the simulations, differences emerge when considering the
upper and lower half of the simulated domain (Figure 4E, 4F,
4H, 4I). This indicates that for the specific input parameters
of these runs (Table 1), the interaction will generate a zoned
magma reservoir with chemical differences between its lower
and upper portions. This is of interest, as it shows the range
of model input parameters under which the interaction be-
tween two magmas leads to chemical heterogeneities that can
be identified in the deposits of the eruption (e.g. chemical dif-
ference along the stratigraphy of deposit).

The contrast in density between two magmas can be cal-
culated from existing models providing magma density as a
function of its chemistry and the pressure and temperature
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conditions at which the interaction was occurring [e.g. Lange
1997]). The temperature and pressure at which the interac-
tion occurs can be estimated using thermobarometry [Nimis
and Ulmer 1998; Neave and Putirka 2017; Petrelli et al. 2020;
Jorgenson et al. 2022]. Clearly, temperature and pressure esti-
mates, together with estimates of the volatile content of mag-
mas, which impact their density, are all associated with un-
certainties. Additionally, the geometry of the reservoir could
be defined using geophysics, but this would not be possible
when studying past eruptions. Thus, to quantify the duration
of the pre-eruptive interaction between magmas, and funda-
mentally, the associated uncertainty, it is essential to propa-
gate all uncertainties associated with the input parameters of
the model. This is when the advantages of statistical emula-
tion become evident as the alternative would be to perform a
large number of time-consuming numerical simulations vary-
ing the input parameters within a range considered reasonable
by the experts. The results of runs performed using the SE
and considering a normal distribution with 10 % uncertainty
for input parameters such as 𝑎 and Δρ and the measurable
parameters in ŷ (i.e. the distribution of chemistry of erupted
magma), show that the uncertainty in the estimated interaction
time preceding an eruption increases with the duration of in-
teraction, but does not exceed 25–30 % of the total interaction
time (Figure 6).
As a byproduct, the SE provides insights on the sensitivity of
model results to specific input parameters. Successive runs of
the simulator must thus target specific regions of the parame-
ter space that yield most representative results. Moreover, the
SE results obtained with large undersampling of the simulated
outputs are practically indistinguishable from those obtained
with the whole datasets (Figure 4). Eliminating unnecessary
outputs would largely decrease computational costs of large
simulations, contributing to an overall leaner and more man-
ageable workflow.

5.1 Application to petrological dataset

To test the validity of the SE, we have performed a proof-of-
concept inversion on a petrological dataset from the Agnano-
Monte Spina eruption at Campi Flegrei, on which the numer-
ical model is loosely based [Arienzo et al. 2010]. The products
of this eruption were selected because of existing evidence that
magma mixing ultimately triggered this event and it is consid-
ered as the reference for future large-size explosive eruptions
at Campi Flegrei [D’Antonio et al. 1999; Di Vito et al. 1999]. We
used Al2O3 weight fraction in melt inclusions as a proxy for
composition 𝐶 . We express composition as weighted sum of
phonolitic and shoshonitic (indexed by P and S, respectively)
end-members: 𝐶 = α𝐶P + (1 − α𝐶S), where α is phonolite
weight fraction. The compositional distribution obtained from
the dataset is then fed into the SE to obtain the pre-eruptive
interaction times, given a distribution of the two parameters
𝑎 and Δρ. The distributions for 𝑎 and Δρ have been chosen,
respectively, as skewed towards sill-like geometries and uni-
form. The obtained interaction times range between 5 and
8 hours (Figure 7), which is a timescale loosely compatible
with what has been proposed for the recharge-to-eruption
times at Campi Flegrei (hours to days) [Perugini et al. 2010;

Arzilli et al. 2016; Astbury et al. 2018]. In the simulations we
consider all analyses collected along the stratigraphy together,
which return a unimodal distribution (Figure 7B). Some chem-
ical zoning was present in the reservoir as testified by the in-
crease of mafic component toward the top of the stratigraphic
sequence [Arienzo et al. 2010]. However, analyses collected for
the same eruptive unit would not be sufficient to produce a
statistically representative distribution of whole rock composi-
tions to compare with the SE. Because with the progression of
mixing, the compositional distribution of magma in the reser-
voir evolves from bimodal to unimodal, our results tend to
overestimate the timescale of mixing. These considerations
provide a framework for the collection of samples on which
to apply the approach we propose. More precise constraints
of the timescales of mixing would require the collection of a
statistically representative number of samples for each erup-
tive unit and possibly on the largest possible number of out-
crops at different locations. Regarding the case at hand, the
extremely short timescale of magma interaction that preceded
the Agnano-Monte Spina eruption provides solid and impor-
tant constraints that can help in assessing volcanic hazards.

5.2 Limitations and further development

Some limitations of our modelling approach and potential av-
enues for further research, as highlighted by one of the anony-
mous reviewers, deserve additional consideration. Firstly, Fig-
ure 4 highlights the potential presence of some systematic bi-
ases for the considered SE, particularly in the range between 2
and 3.2 hours, where predicted interaction times consistently
overestimate the true values. It also suggests that the model
may not be fully reliable at the boundary (e.g. at larger inter-
action times) where predicted interaction times can be sensi-
tive to slight changes in the true time. These discrepancies
may arise from several sources. In particular, the (function
of the) simulated data lie in the interval (0, 1); we use a re-
gression model for data in (−∞,∞), meaning that a beta re-
gression would be more appropriate, for example. However,
in most settings of practical relevance, we obtained predic-
tions (as well as their associated prediction intervals) between
0 and 1 (results not shown here). Another source of inaccu-
racy could be attributed to unaccounted correlations in the
simulated data that can result into unaccounted correlations
in the model’s residuals. In the settings of practical relevance,
we found that the residuals from our linear model are fairly
well-behaved, although they exhibit some “mild” form of long-
range dependency (results not shown here). Additionally and
in general, the SE should also be adapted to the potential pres-
ence of non-linear relationships and heteroskedasticity. More-
over, the fitting method should also be adapted in the cases
where outlying observations might be present.
We acknowledge the risk of model misspecification in gen-
eral, which for the cases studied in this paper, appear to be
quite mild. Indeed, as illustrated in Figure 4B, the prediction
error is quite small for practical purposes. Moreover, we re-
mark that simpler models, such as the one in use, often have
a tendency to generalise better than more complex methods.
While our approach maintains consistency against misspeci-
fied models, future research may explore more suitable and
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Figure 7: [A] magmatic interaction times as obtained from the SE inversion of a compositional dataset from products of the
Agnano-Monte Spina eruption at Campi Flegrei across a grid of 𝑎 and Δρ inputs. Interaction times recovered from the model
match those provided in the literature for the specific eruption. [B] distribution of predicted interaction times (in hours), as well
as 95 % confidence intervals andmedian (dashed vertical lines) based on𝐻 = 10,000 replications in Equation 5. The sensitivity of
the SEwas assessed at random input parametersΔρ∗ and 𝑎∗, which are respectively drawn from a uniform and a beta distribution
with shape parameters α = 2 and β = 5 (represented as light green and blue densities in panel [A], respectively) and 𝑦∗

𝑗
which is

drawn from a normal distribution centred at its true values 𝑦 𝑗 with standard deviations equal to 10 % of such true values.

flexible approaches such as semi-parametric methods. In our
modelling exercise, we mainly focused on point estimation
and, as highlighted in Figure 6, uncertainties in θ̂θθ are dom-
inated by input-related factors. The overall performance of
the considered SE is satisfactory for the considered case study,
leading to good predictive power and generalisability.
We also remark that a very limited input grid was used in
our experiments, and we are currently exploring the use of a
finer grid to achieve better results. Overall, our study serves as
a proof-of-concept, recognising limitations and paving the way
for future enhancements in methodology and data collection.

6 CONCLUSIONS
The Earth Sciences often focus on phenomena that occurred in
the past or at inaccessible depths, which inhibits our capacity
to define with confidence the range of input parameters of nu-
merical models targeting the quantification of geological pro-
cesses. Additionally, because of the complexity of some phys-
ical models, the realisation of a large number of simulations—
which would allow one to assess how uncertainty in the input
parameter affects the final results—is prohibitive. Here, we use
a specific application to volcanology that allows us to highlight
the multiple advantages of combining physical modelling and
statistical emulation. We show how to determine the duration
of magma interaction preceding a volcanic eruption from the
analysis of the distribution of the erupted rock chemistry. This
particular case is appropriate for Campi Flegrei (Italy) [Bagagli
et al. 2017; Morgavi et al. 2017; Montagna et al. 2022]. The
approach we present here could be applied to past eruptions
of Campi Flegrei to determine the duration of magma interac-
tion preceding any volcanic eruption throughout its eruptive
history. The workflow would require:

i. The analysis of the whole rock chemistry of a statistically
representative set of samples of each eruption.

ii. The calibration of SE on physical models realised over
a wide range of geometries, magma conditions and duration.

iii. The comparison between the measured and calculated
distribution.

The results of our analysis show that statistical emulation pro-
vides an excellent means to quantify the uncertainty in dura-
tion of magma interaction preceding a volcanic eruption from
the distribution of chemical composition of the erupted rocks.
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