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ABSTRACT
Analysis of thermal infrared satellite measurements of umbrella clouds generated by volcanic eruptions suggests that asymp-
totic gravity currentmodels of the temporal (t) radial (r) spreading (r ~ tf, f < 1) of the umbrella-shaped intrusion do not adequately
explain the observations. Umbrella clouds from 13 volcanic eruptions are studied using satellite data that have spatial resolu-
tions of ~4–25 km2 and temporal resolutions of 1–60 minutes. The umbrella cloud morphology is evaluated using digital image
processing tools in a Lagrangian frame of reference. At the onset of neutral buoyancy, the radial spreading is better explained
by a stronger dependence on time of r ~ t, rather than t2/3, t3/4, or t2/9. This flow regime exists on the order of minutes and has
not been observed previously in satellite data. This may be of significance as it provides a means to rapidly (within the first
2–3 observations) determine the volumetric eruption rate. A hyperbolic tangent model, r ~tanh(t) is presented that matches the
entire radial spreading time history and has a conserved torus-shaped volume in which the intrusion depth is proportional to
sech(t). This model also predicts the observed radial velocities. The data and the model estimates of the volumetric flow rate
for the 15 January 2022 Hunga eruption are found to be 3.6–5 × 1011 m3s−1, the largest ever measured.

RÉSUMÉ
Les panaches volcaniques forment des nuages en forme d’ombrelle dont l’évolution du rayon (r) dans le temps (t) a été précé-
demment modélisée par la théorie des courants de gravité, suivant asymptotiquement une loi r ~ tf (f < 1). Cependant, cette loi
ne permet pas d’expliquer les observations satellite infrarouge d’ombrelles volcaniques. Nous caractérisons 13 nuages volca-
niques en utilisant des données satellitaires avec une résolution spatiale de 4–25 km2, et une résolution temporelle de 1–60
minutes. La morphologie des ombrelles est caractérisée en analysant les images satellites dans un référentiel de mouvement
lagrangien. Lorsque le panache arrête sa montée, l’extension radiale est mieux expliquée par un modèle linéaire r ~ t, plutôt que
t2/3, t3/4, ou t2/9. Ce régime d’écoulement persiste pour une durée de l’ordre de la minute et n’a pas été observé par satellite
précédemment. Il pourrait permettre d’estimer rapidement, en utilisant seulement les premières 2–3 observations satellites, le
flux volumétrique de l’ombrelle. Nous proposons unmodèle tangente hyperbolique pour l’extension radiale, r ~tanh(t), qui permet
de capturer l’évolution complète de l’ombrelle ainsi que de prédire la vitesse d’écoulement radiale. Le modèle suppose que le
nuage conserve une forme de torus et que son épaisseur est proportionnelle à sech(t). En utilisant ce modèle, nous estimons
que le flux volumétrique de l’éruption Hunga en janvier 2022 est de 3.6–5 × 1011 m3s−1, le plus grand flux mesuré à ce jour.

KEYWORDS: Umbrella; Eruption; Flux; Infrared; Satellites; Volcano.

1 INTRODUCTION
Large, vertically extended eruption columns often form cloud
structures that appear to have a ‘mushroom’ or ‘umbrella’
shape as they penetrate high into the atmosphere. From
the perspective of a satellite, observing at close to a vertical
viewing angle downwards, the umbrella appears to spread
radially with time, often in an almost circular shape. The rate
of spread in the radial direction (the radial spread or radial
velocity) is related to the volumetric flow rate or volume
flux (𝑄, m3 s−1) of material input to the atmosphere. This
can be converted into a mass eruption rate (MER), and is
important for estimating the impact of the emissions on the
environment. Modellers have long grappled with the problem
∗Q fred@aires.space

of assigning a MER to describe the source conditions for an
eruption, so that reliable forecasts of the amount and location
of the emissions can be made [Mastin et al. 2009].

To understand the formation and propagation of umbrella
clouds, researchers have modelled them as an intrusion; that
is, a horizontal gravity current travelling into another stratified
fluid, usually assumed to occur at the neutral buoyancy level
[Benjamin 1968; Didden and Maxworthy 1982; Simpson 1999;
Huppert 2006]. Gravity current intrusions have been studied
in numerous fluid mechanics sub-disciplines [Chassignet et al.
2012, and references therein], including specifically, in the at-
mosphere [Flynn and Sutherland 2004; Costa et al. 2013; John-
son et al. 2015], in the ocean [Gill 1981], in rivers and coastal
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waters [Fischer et al. 1979], and in the laboratory [Lombardi et
al. 2015]. Mathematical treatments of the problem in relation
to volcanological umbrella clouds use the shallow-water ap-
proximation to numerically solve the Navier-Stokes equation
[Ungarish and Zemach 2007; Johnson et al. 2015] and seek
both self-similar solutions [George 1989] and non self-similar
solutions to derive approximate asymptotic forms [Bursik et al.
1992; Costa et al. 2013; Johnson et al. 2015]. These asymp-
totic forms reveal power law relationships between the ra-
dial spread with time (𝑡) and distance (𝑟) [Johnson et al. 2015]
and they have been generally found to agree with observa-
tions [Pouget et al. 2013; Pouget et al. 2016; Van Eaton et al.
2016; Hargie et al. 2019; Bear-Crozier et al. 2020]. Self-similar
(scaling) arguments result in a power law exponent smaller
than that found from numerical solutions of the shallow-water
equations (𝑡2/3 rather than 𝑡3/4); in other words, at least at
the start of the flow, a stronger time-dependence of the ra-
dial spreading of the intrusive current’s leading edge is found
[Johnson et al. 2015]. In this study we seek to use parametri-
sations (e.g. power laws) that fit the observations to determine
the volumetric flux as rapidly as possible so that they can be
usefully used in dispersion models that attempt to forecast the
movement and impact of volcanic emissions on the environ-
ment. Numerical solutions of the shallow-water equations are
not investigated.
Recent studies have used satellite measurements to describe
the evolution of the umbrella cloud and relate this to the MER
[Pouget et al. 2013; Pouget et al. 2016; Van Eaton et al. 2016;
Hargie et al. 2019; Bear-Crozier et al. 2020; Gupta et al. 2022;
Jarvis et al. 2024]. Most of these studies use ad hoc methods
for estimating the cloud area as a function of time and then
utilise well-established theoretical models of gravity induced
intrusion currents [Sparks et al. 1986; Woods 1988; Woods
and Kienle 1994; Sparks et al. 1997] to relate the cloud volume
flux to the MER. Under the assumptions of mass continuity,
steady-state, and linear dynamics, the models variously pre-
dict volumetric changes proportional to 𝑡 𝑓 , where 𝑡 is time and
𝑓 is a fractional power, obtained through dimensional analy-
sis and scaling arguments. Many of these papers determine
a single MER by fitting data using time dependencies appro-
priate for the buoyancy-inertia driven regime, and the later
dissipating regime of the intrusions’ life-cycle. However, it is
apparent that these relations break down at the initial stage
of radial spreading where they predict impossibly large radial
velocities. Rooney and Devenish [2014] show that at the start
of the radial spread the radial velocity should be constant up
to times 𝑡 <∼3/𝑁 𝑓 , where 𝑁 𝑓 is the Brunt-Väisälä frequency.
Until now, this early part of the umbrella development has not
been investigated using satellite observations.
The adequacy of the current approach to intrusive current
flow has hardly been questioned despite the high disparity in
estimates of 𝑄 (and subsequently the MER) and model un-
derperformance in predicting the mass of erupted material
[Aubry et al. 2023]. In only a few cases are the assumptions
of steady-state and mass continuity justified, and especially at
the onset of an eruption, when the complex and nonlinear na-
ture of the generation of the intrusion suggests that a better
description is needed. In this analysis, the generation of the

radially spreading intrusive current uses a new parametrisa-
tion that attempts to model the radial spread using a single
function with multiple terms. The vertical flow of momen-
tum produced by an erupting column is converted, usually at
or near the tropopause (or once the neutral buoyancy height is
reached), into a horizontal (radial) component that accelerates
the intrusion from a very small radial velocity 𝑣𝑟 to a con-
stant radial velocity before decelerating at various rates before
dissipation [Carey and Bursik 2015; Pouget et al. 2016]. The
horizontal flow is principally driven by the initial upward ver-
tical flux. The deceleration is due to loss of momentum caused
by air resistance and for particle-rich plumes by sedimentation
[Sparks et al. 1991; Ernst et al. 1996]. The lateral distance of its
eventual dissipation depends on the MER and environmental
winds [Carey and Bursik 2015]. At the start of the spread, be-
cause of the stratification of the atmosphere, vertical oscillatory
behaviour is induced on time-scales of several minutes that
can cause disturbances (waves) in the horizontal flow. These
oscillations may play a role in the subsequent radial flow, and
time series of the observed minimum cloud-top temperatures
support the notion of damped, wave-like structures, previ-
ously noticed in a 3D numerical model of a spreading um-
brella cloud [Suzuki and Koyaguchi 2009]. This aspect of the
flow will be explored in greater detail in future work; here we
hypothesise that the height of the leading edge of the spread-
ing umbrella cloud may have a complicated time-dependent
behaviour and resemble a localised wave-packet. Ungarish
and Zemach [2007] used an instantaneous injection of an ax-
isymmetric intrusion and found solutions of the shallow-water
equations suggesting an expanding ‘ring’ structure with clear
ambient air in the interior and thickening at the leading edge.
A similar thickened leading edge was found by Johnson et al.
[2015] in their shallow-water model solutions for a continu-
ous axisymmetric intrusion. Building on these ideas, a new
model for the radial velocity as a function of time is proposed
in which the volume conserved is torus-shaped and the height
of the leading edge (height of the intrusion) takes the form of
a solitary wave packet. It is shown that this new model fits
the observations of radial spread as well as models with ∼𝑡 𝑓
( 𝑓 < 1) dependence. The new model also fits the time depen-
dence of the radial velocity, better than the power law ∼𝑡 𝑓 .
The analyses presented here are intended to stimulate a re-
appraisal of the models used to describe the generation of the
intrusion. The observations presented in this study provide
compelling evidence that better physics is required to simulate
the radial spread in the first tens of minutes after formation of
the umbrella cloud. The practical importance of understand-
ing the evolution of the radius of umbrella clouds for large
explosive eruptions has recently been explored by Constanti-
nescu et al. [2021] and a call for improvements is argued by
Aubry et al. [2023].

2 METHODS
This study uses infrared satellite imagery to infer spatial and
temporal properties of large volcanic clouds generated dur-
ing explosive volcanic activity. Volcanic eruptions vary in
size and intensity [Mason et al. 2004], and here we are only
concerned with the subset of violent eruptions characterised
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by a column with a spreading umbrella cloud of large radius
(𝑟~10s km) reaching the upper troposphere or higher. The
particle- and gas-rich column and cloud consists of volcanic
ash with a broad range of particle sizes varying from very
fine (particle radii <16 µm) to cm size fragments (lapilli) and
larger fragmented rocks. The eruption plume also contains
gases (principally H2O, CO2, and SO2) which contribute to
the energetics and dynamics of the turbulent rising column
and cloud. As the column rises through the atmosphere, wa-
ter may be entrained from the environment, and liquid and/or
ice clouds form, making the rising column dark and opaque
to visible and infrared radiation. The eruption may last from
tens of minutes to several hours or longer and can be punc-
tuated by periods of quiescence followed by further violent
eruptions that can be more energetic than before. In the ab-
sence of strong windshear, an umbrella cloud usually forms
at the level of neutral buoyancy [Sparks et al. 1997; Carey and
Bursik 2015] with an overshooting column above.
From the perspective of an imaging instrument on board
an orbiting satellite, there is an appearance of an almost cir-
cular cloud which becomes clearly discernible in visible and
infrared light during the day and to infrared (IR) light at night.
The spatial structure of the eruption cloud can be determined
using either visible or IR imagery, and here we choose to use
IR imagery as these data are independent of sunlight and the
large opacity of the umbrella cloud helps to enhance the lead-
ing edges of the cloud. IR imagery from geostationary instru-
ments supply data over the same location at time intervals of
1 minute to 1 hour and spatial resolutions of ~4 to 25 km2, so
data from these platforms are exploited. The data sets used
in this study are described in Table 1.

2.1 Brightness temperatures

The analysis of the data used here consists of identifying erup-
tion clouds, estimating their area from IR measurements (sin-
gle band centred at either 11 or 12 µm wavelengths depend-
ing on instrument), and determining the rate of change of the
size of the cloud. The main parameter used in the analysis is
the IR brightness temperature (BTν), which is related to the
measurement signal through a linear calibration from digital
counts (or voltage) to radiance and then through use of the
Planck function evaluated at a central wavenumber, ν. In vol-
canological applications, satellite-derived brightness tempera-
tures were first used by Prata [1989] in the context of volcanic
ash detection. In future reference to brightness temperature
we drop the subscript ν, and because the clouds are optically
thick, it can be assumed that the BT is a good measure of
the thermodynamic cloud-top temperature 𝑇 ; thus we sim-
ply refer to the BT as 𝑇 . The calibration and conversion to
brightness temperatures is a standard procedure. The data
providers routinely evaluate the performance of the instru-
ments and their calibration [Tabata et al. 2019], and there do
not appear to be any issues that would affect the analyses pre-
sented here.

2.2 The umbrella cloud

A conceptual drawing of an idealised umbrella cloud is shown
in Figure 1. The cloud consists of a spatially uniform top with

a circular shape and distinct edge. The edge of the umbrella is
surrounded by a propagating front where the material prop-
erties of the cloud may be different to the interior of the cloud.
From the geometric centre of the cloud outwards to the edge,
the thermal structure is very uniform—there is a dense over-
cast region, similar to that found in tropical cyclones. The
edge of the cloud is a subjective term and here we attempt
to provide a quantitative definition based on digital image
processing methods and a measure of infrared transparency.
Umbrella clouds rarely maintain their shape and structure for
longer than a few hours, and their diameters seldom exceed
200 km, making them smaller than the smallest category of
tropical cyclone∗. This also means that inertial forces can usu-
ally be ignored, although in very large eruptions (VEI† ≥6) the
Coriolis force plays a role [Baines and Sparks 2005]. Umbrella
cloud sizes studied here range from radii of 5–550 km, with
lifetimes of 30 minutes to >12 hours. Figure 2 shows thermal
and visible imagery for an eruption of Mt Etna that produced
an exemplar umbrella cloud. There is a distinct cloud edge,
a central overcast area where the temperature field is highly
uniform and a nearly circular structure. These features are
common to many of the umbrella clouds studied here.

Figure 1: Conceptual depiction of umbrella cloud with protrud-
ing intrusion. The radial spreading 𝑟 (𝑡) and the radial velocity
of the intrusion, 𝑑𝑟/𝑑𝑡 are both functions of time. 𝑍 is a verti-
cal coordinate and λ and θ are longitude and latitude, respec-
tively. Vertical oscillations are generated which induce wave-
like structures in the propagating intrusion.

2.3 Image processing

The goal of the analysis of the satellite 𝑇 imagery is to estimate
a radius, 𝑟 , for the spreading umbrella cloud as a function
of time. Satellite image data are obtained from various open
access repositories (see the footnotes to Table 1 for sources)
and the IR image data are converted to brightness temperature
(𝑇 ) and re-projected from pixel/line to longitude/latitude (λ, θ)

∗This comparison with tropical cyclones is made only because of the
similarity of cloud structure: similarity of dynamics and energetics is
not being suggested.
†VEI is the Volcanic Explosity Index [Newhall and Self 1982].
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Table 1: Satellite data used in this study. The spatial scale denotes the nominal pixel resolution at the subsatellite point and
increases with zenith viewing angle. The time given is the time of the first image used in the analysis (not the start of eruption).
The links to data were valid at the time of writing this paper. In one case (Hunga) multiple geo satellites were able to view the
eruption.

Volcano Date (UTC) Time∗ Satellite
Location

Time
sampling
(mins)

Spatial
sampling
(km × km) Source

Lat °N Lon °E

Pinatubo 15.06.1991 05:41 GMS-4 15.13 120.35 60 5 × 5 [1]
Kelut 13.02.2014 16:32 MTSAT −7.93 112.31 10–30 2 × 2 [2, 3]
Manam 31.07.2015 00:55 Himawari-8 −4.08 145.31 10 2 × 2 [4]
Calbuco 22.04.2015 21:37 GOES-13 −41.33 −72.62 30 2 × 2 [5]
Etna 04.12.2015 09:20 MSG-3 37.755 14.99 5 3 × 3 [6]
Tinakula 20.10.2017 19:23 Himawari-8 −10.38 165.80 10 2 × 2 [5]
Aoba 05.04.2018 13:57 Himawari-8 14.40 167.83 10 2 × 2 [5]
Krakatau 22.12.2018 13:56 Himawari-8 −6.10 105.42 10 2 × 2 [3, 4]
Raikoke 21.06.2019 18:11 Himawari-8 48.29 153.25 10 2 × 2[8] [5]
Ulawun 05.08.2019 04:55 Himawari-8 −5.05 151.33 10 2 × 2 [5]
Taal 12.01.2020 07:03 Himawari-8 14.01 121.00 10 2 × 2 [5]
Soufrière St Vincent 10.04.2021[9] 09:47 GOES-16 13.33 −61.18 1 2 × 2 [7]
Hunga† 19.12.2021 20:47 Himawari-8 −20.54 −175.38 10 2 × 2 [5]
Hunga 13.01.2022 16:07 Himawari-8 −20.54 −175.38 10 2 × 2 [5]
Hunga 15.01.2022 04:17 Himawari-8 −20.54 −175.38 10 2 × 2 [5]
Hunga 15.01.2022 04:17/07:05 GOES-17 −20.54 −175.38 1 2 × 2 [7]

∗ times are based on the first satellite observation, corrected for the scan-time dependence;
† Hunga (also called Hunga Tonga-Hunga Ha’apai);
[1] Holasek et al. [1996];
[2] Hargie et al. [2019];
[3] https://www.data.jma.go.jp/mscweb/en/product/library_data.html;
[4] Prata et al. [2020];
[5] https://auth.diasjp.net/cas/login?service=http%3a%2f%2fhimawari.diasjp.net%2fexpert%2f;
[6] https://data.eumetsat.int/search;
[7] https://noaa-goes17.s3.amazonaws.com/index.html;
[8] Resolution is lower at these latitudes; data are resampled to 2 × 2 km;
[9] Eruptions were detected from 10–12 April, 2021.

coordinates. The 𝑇 image data can be used to calculate the
following parameters, used here to define an umbrella cloud:

(1) The temperature gradient condition across a cloud edge
can be estimated from ����𝑑𝑇𝑑ρ ���� > γ, (1)

where 𝑇 is the brightness temperature, ρ is a measure of dis-
tance in the image in the radial direction, and γ is a threshold
temperature gradient. In practice the whole image is analysed
using an edge detection algorithm. For example the Canny
edge detector [Canny 1986], and the gradient of the image is
computed using the Sobel-Feldman filter [Sobel and Feldman
1968; Gonzalez and Woods 2017], which is essentially a spa-
tial derivative operator. (See Appendix A Figure A1 for an
example). Equation 1 is then used only at the edge locations.

(2) We define the circularity C as:

C =
4π𝐴

(∑𝑖 ℓ𝑖)2
, (2)

where 𝐴 is the area of the enclosing contour of a selected cold
isotherm, and ℓ𝑖 is the arc length of consecutive points 𝑖 on the
perimeter of the contour. For a perfect circle C = 1. For ellip-
tical shapes C depends on the eccentricity (𝑒): for 𝑒 = 0.994,
C = 0.265 and for 𝑒 = 0.564, C = 0.988. Initially circular
umbrella clouds tend to deform towards elliptical shapes and
become less convex with time. As the umbrella cloud de-
velops, at some point in time it becomes detached from the
source (moves away from the erupting vent location). From
the perspective of thermal IR imagery it is not possible to de-
termine vertical structure: detachment must be inferred from
changes in the shape and position of the cloud, relative to its
source.
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(3) The roundness R is defined as

R =
𝑟𝑖

𝑟𝑐
, (3)

where 𝑟𝑖 and 𝑟𝑐 are the radii of the inscribing and circumscrib-
ing circles (see Appendix A) of the selected isotherm, respec-
tively. R is an intuitive measure of the distortion of a shape
from a perfect circle, but it does not provide information on
the direction of distortion nor whether the shape is becom-
ing less convex. Other measures of the shape of 2D objects
are needed to assess distortion and these are calculated for
each image using the Python imea library Kroell [2021]. See
Appendix A for a discussion. More sophisticated shape mea-
sures and factors are described in Allen [2013] and the use of
Fourier methods can be found in Schwarcz and Shane [1969];
these methods are not used nor required in this work but could
be explored to investigate changes in cloud shape due to en-
vironmental factors. The distortion is related to background
wind strength and direction, relative to the umbrella spread-
ing, while the tendency to concavity and feathering is related
to dilution and mixing effects [Basilio Hazas et al. 2023] at the
edges of the intrusion, as well as loss of mass through parti-
cle sedimentation [Sparks et al. 1991]. These effects become
dominant with time as the intrusion separates from its source
and its velocity decreases.

(4) For all points inside the enclosing contour,

𝑇𝑐 =
1
𝑁

𝑁∑︁
𝑘

𝑇𝑘 , (4)

𝑇σ =

������
√√√
1

𝑁 − 1

𝑁∑︁
𝑘

(𝑇𝑘 − 𝑇𝑐)2

������ < δ𝑇, (5)

where 𝑇𝑘 corresponds to the 𝑇 of pixels inside the contour,
𝑇𝑐 is the mean 𝑇 of these pixels, 𝑇σ the absolute value of
the standard deviation of the 𝑇 inside the contour, 𝑁 is the
total number of points inside the contour, and δ𝑇 is a mea-
sure of temperature variability. The following values were
used to define the umbrella clouds studied here: 𝑇𝑐 ⩽ 230 K,
γ=5 K km−1, δ𝑇=±10 K, and C ⩾ 0.4. The condition on
C is relaxed for umbrella clouds in a strong background flow,
which produce ‘cigar’-shaped umbrella clouds. While the val-
ues may seem arbitrary, they are based on analysis of 100s of
images of circular-shaped high clouds.

Note that not all conditions must be met in order for the cloud
to be classed as an umbrella cloud.

2.4 Contoured area equivalent radius—CAER
As the umbrella cloud does not always develop as a circular
cloud, there is a need to define what is meant by an umbrella
cloud radius. In this work we define this radius to be the ra-
dius of a circle which has the same area as an isotherm of the
leading edge that encloses the spreading cloud, i.e. half the
Heywood diameter [Heywood 1933]. This ‘equivalent’ radius
is then used in the subsequent analysis to determine the radial
spreading speed (𝑣𝑟 ) of the leading edge of the umbrella cloud.

Figure 2: The umbrella cloud formed by an eruption of Mt Etna,
Sicily on 4 December 2015 at 09:45 UTC. [A] MODIS/Terra 12
µm brightness temperatures with an overlaid circle centred at
the centroid of the cloud, and area equal to the area of the
220 K contour. The inset plot shows a transect across the
37.7 °N latitude. Notice the very steep edge of the cloud and
the uniform temperature field within the central overcast area.
[B] MODIS/Terra true colour image of the same umbrella cloud
with the same geographic projection. The true colour image is
a good representation of what the cloud would look like to the
human eye. The overcast area and sharp edge are clearly dis-
cernible. There is an indication of some circular undulations in
the cloud field and the cloud has started to form an elliptical
shape due to strong easterly winds at cloud level. The 220 K
contour is also shown (red line).

Implicit in this analysis is that 𝑣𝑟 is the same in all directions,
which may be invalid in cases where there are strong direc-
tional winds. A more complex analysis can be undertaken
by estimating the velocity components (𝑣λ, 𝑣θ) using, for ex-
ample, optical flow techniques [Thomas and Prata 2018], and
this will be explored in future work. The procedure for esti-
mating the area of the cloud—the contoured area equivalent
radius (CAER), is as follows:

• 𝑇 images corresponding to the first time the eruption is
detected and up to when the cloud begins to dilute are repro-
jected onto a geographic map and contoured.

• The 𝑇 contour corresponding to the edge of the umbrella
is selected (using

��� 𝑑𝑇𝑑ρ ��� at the edge locations) and its area calcu-
lated. The same contour is then used to calculate areas for all
subsequent images up until the time conditions for the identi-
fication of an umbrella cloud are no longer met. The areas are
computed using Green’s theorem as described in Prata et al.
[2020] with a sufficiently dense set of coordinates, sampled in
accordance with the spatial resolution of the raw data. Fig-
ure 3 illustrates the method for one image of the July 2015
Manam eruption.
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• The location of the centroid of the selected closed contour
is determined and the radius corresponding to a circle with the
same area as the contour is calculated.∗

• The radial spread (or velocity, 𝑣𝑟 ) as a function of time
is then calculated using 1st order differences. Tracking the
location of the centroid of the umbrella cloud in a Lagrangian
frame of reference removes the effects of background winds
on the calculation of 𝑣𝑟 .

• Plots of 𝑟 and 𝑣𝑟 against time are constructed and func-
tional fits established based on current theory and two new
models (see later for details).

Figure 3: Estimating the enclosing contour of the leading edge
of the umbrella cloud from thermal IR imagery. The area en-
closed by the 220 K contour is shaded in red, while the area of
the circle of radius r (r = 34.4 km in this example) located at
the centroid of the enclosing contour and which has the same
area as the enclosing contour, is shaded in grey. The inset plot
shows the temperature difference between the temperature of
the enclosing contour (220 K in this example) and the mean of
image pixels on the perimeter of circles of increasing radius
from the centroid of the enclosing contour. The blue-coloured
shaded region represents the azimuthal variability. The cen-
troid of the umbrella cloud surface is no longer collocated with
the location of the volcano and the minimum cloud tempera-
ture (~201.5 K) is neither over the volcano nor collocated with
the centroid.

3 DATA
All of the data used are publicly available from open access
archives maintained by national and international space agen-
cies. Table 1 lists the data used, their sources, and characteris-
tics for each volcanic eruption of relevance to this study. In ad-
dition, the data used to construct the radius and velocity versus
∗The area is calculated assuming a curved radius (𝑟 ) on a spherical
earth (radius 𝑅𝑒); for all cases 𝑟/𝑅𝑒 < 0.05.

time plots are included in an Excel file. In the eruptions stud-
ied, some generate small (radii < 50 km) short duration (𝑡 <
60 mins) umbrella clouds, whilst others have medium to large
umbrella clouds (radii > 100 km), last for several hours and
may be punctuated by later discrete eruptions that influence
the radial spreading. In a few cases, the horizontal winds have
significantly distorted the shape of the propagating intrusion
(from circular to ‘cigar’ shaped), and in one case (Krakatau)
the intrusion is being continuously fed from below[Prata et al.
2020].
The locations of all of the volcanoes used in this study are
shown in Figure 4.

4 MODELS OF RADIAL SPREADING
The umbrella (see Figure 1) has a skirt or ring-shaped leading
edge of material that is spreading outwards from some cen-
tral source point at a radial spreading speed of 𝑣𝑟 . This speed
changes with time (and distance) and is moderated by the
source strength (i.e. mass eruption rate), gravity, viscous ef-
fects, turbulent mixing, and background winds. The isotherm
used to evaluate the areal extent of the umbrella is assumed to
remain at a constant height (𝑧), and the isotherm periphery as
determined using the CAER procedure is taken as the physical
outer boundary of the umbrella cloud.
Previous studies [Bursik et al. 1992; Johnson et al. 2015;
Pouget et al. 2016] have determined the change in radius as a
function of time asymptotically and fitted power-law relations
of the form 𝑟 ~ 𝑡 𝑓 , where 𝑓 is some power. This implies that 𝑣𝑟
~ 1

𝑓
𝑡 𝑓 −1. The plots are reasonable, often because logarithmic

axes are used, but closer inspection reveals that a multitude
of functional forms can fit the measurements equally well. In-
spection of Figure 8 of Sparks et al. [1986] which shows data
points of 𝑣𝑟 versus 𝑟 , suggests that the 𝑟−1 functional form
is not an especially good fit and there is an indication that
at small cloud radii the measured 𝑣𝑟 is lower than the theory
suggests. In any case, in all of the data presented here, 𝑣𝑟 is ei-
ther increasing or relatively constant shortly after the intrusion
starts to radially propagate. The generation of the intrusion is
thought to be either driven by a continuous flow of mass from
below at a steady rate, or a thermally driven fixed mass of ma-
terial is emplaced at its neutral buoyancy height and then ra-
dial spreading occurs. In both circumstances the atmosphere
must be stratified and the flow is maintained by a density dif-
ference between the upper and lower layers of the intrusion.
The radial spreading will eventually stop, because the steady
flow of mass stops and/or because atmospheric drag, mixing,
and dilution (decreasing stratification) reduce the momentum.
Pouget et al. [2016] identify four time periods (regimes)
where the driving force is either from buoyancy-inertia or
turbulent drag and the cloud is either being fed with a con-
stant flux of material or the volume of the intrusion is con-
stant. Each of the regimes is characterised by a different
power law, where the exponent decreases with time. In all
cases the flow regimes are studied as long-time behaviours—
asymptotes, guided by mathematical modelling [Johnson et al.
2015], i.e. some time after the umbrella cloud has formed; the
order of this time-scale is >∼ 3/𝑁 𝑓 , where 𝑁 𝑓 is the Brunt-
Väisälä frequency (see Table 2 for values of 𝑁 𝑓 ). Immediately
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Figure 4: The locations of the volcanoes used in this study. The majority of volcanoes are within ±30° of the equator and 9 of
the 13 volcanoes are located in south-east Asia and the South Pacific. Raikoke is the furthest north volcano and Calbuco the
furthest south. The locations of the two radiosonde stations cited in the text are shown as coloured closed circles.

after the umbrella cloud forms, the radial spreading is domi-
nated by the momentum of the vertical collapse of the material
due to the reduced gravity (𝑔′):

𝑔′ =
𝑁2

𝑓
ℎ

2
, (6)

where ℎ is the depth of the intrusion which may vary in time
and space. Note also that 𝑁 𝑓 has a vertical dependence. The
driving force in this case is the inertial upward pressure force
of the erupting column, balanced by the rate of change of
the radial kinematic momentum. In a descriptive sense, the
volume of material that is forced upwards reaches a point of
neutral buoyancy, overshoots and then collapses, but is pre-
vented from falling further because of the upward pressure on
its lower surface. The compression due to the pressure forces
on the upper and lower surfaces stops the vertical motion of
the material, and the radial pressure difference between the
material inside and outside the intrusion drives it radially out-
wards. An assumption used in many models of volcanically
generated atmospheric intrusive currents—also often referred
to as gravity currents—is that the mass of the current is con-
served (i.e. loss of mass by sedimentation of particles has been
neglected) and that the source is steady. According to Woods
and Kienle [1994], Sparks et al. [1997], and Costa et al. [2012,
2013] among others, a relation between the intrusion radius
and time can be derived assuming it behaves as a gravity cur-
rent:

𝑟 (𝑡) =
( 3λ𝑐𝑠𝑁 𝑓𝑄

2π

)1/3
𝑡2/3, (7)

where 𝑟 [m] is radius, 𝑡 [s] is time, 𝑁 𝑓 [s−1] is the Brunt-Väisälä
frequency, 𝑄 [m3 s−1] the volumetric flow rate and λ𝑐𝑠 is
an empirical constant (a Froude number, sometimes referred
to as the cloud shape parameter). The model described by
Equation 7 is referred to here as the 𝑡2/3 model. 𝑄2/3 is used
to denote the volumetric flux estimated from the 𝑡2/3 model
and in the more general context𝑄 is used to denote volumetric

flux. 𝑄2/3 can be estimated from this expression by estimating
the coefficient 𝐵 from a plot of 𝑟 versus 𝑡2/3:

𝐵 =

( 3λ𝑐𝑠𝑁 𝑓𝑄2/3
2π

)1/3
. (8)

Differentiating Equation 7, assuming no time dependence for
𝑁 𝑓 and 𝑄2/3,

𝑣𝑟 (𝑡) =
2
3
𝐵𝑡−1/3. (9)

The veracity of this formulation is tested by seeking fits to the
measurements of 𝑟 and 𝑣𝑟 for the eruption umbrella clouds
presented. Other time dependences of the radial spread have
been suggested and shown to be more appropriate as the cloud
develops and different physical processes become dominant,
for example 𝑟 ∼ 𝑡3/4 [Bursik et al. 1992; Johnson et al. 2015;
Pouget et al. 2016]. Ideally a single model parametrisation
that incorporates all of the processes from the initial spreading
through to dissipation is desirable.
If the goal is to determine the volumetric flux (𝑄) from an
eruption as quickly as possible so that a numerical model can
be used to predict the amount of spreading material, then the
assumption of constant radial velocity can be made. At the
start of the formation of the umbrella cloud, the radial velocity
is expected to reach a constant and can be determined from
[Rooney and Devenish 2014]:

𝑣𝑟 =
𝑄𝑐

2πℎ0𝑟0
, (10)

where 𝑟0 and ℎ0 are the starting radius and intrusion depth,
respectively. 𝑄𝑐 is subscripted to indicate that this is the
value of 𝑄 determined from the constant velocity assump-
tion at the start of the umbrella spreading. Thus if 𝑣𝑟 , 𝑟0, and
ℎ0 are known or measured then 𝑄𝑐 can be estimated. This
parametrisation is also investigated and referred to as the con-
stant velocity model.
A new model (the torusmodel) is introduced here, based on
theoretical reasoning assuming that the umbrella cloud main-
tains the shape of a torus. While this is clearly an idealisation
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of the shape of the umbrella cloud, it is no less appealing than
previous models that assume the cloud conserves its volume
in the shape of a cylinder [Sparks et al. 1997]. This new formu-
lation is introduced in Appendix B and provides an equation
for the velocity as a function of time. This can be integrated
analytically to give the radial spread as a function of time,

𝑟 (𝑡) = 2𝑄𝑡

π2ℎ20α
cosh2 (ω𝑡) [1 − exp(−α𝑡)] , (11)

where ω and α are inverse time-constants, ℎ0 the initial in-
trusion depth, and 𝑄𝑡 is the volume flux (𝑄 determined from
this model). These new parameters can be obtained using
an optimised fitting procedure to data. Equation 11 is ana-
lytic and its time derivative gives the radial spreading velocity,
𝑑𝑟/𝑑𝑡 = 𝑣𝑟 (see Appendix B). This model is referred to here-
after as the torusmodel and is also tested against the umbrella
cloud measurements.
With the aim of finding a single expression that could model
the complete time history of the radial spread and also be
consistent with the radial velocity behaviour, another model
is proposed that has three separate terms: a term involving
the initial umbrella radius (𝑟0), a term that includes the final
velocity of the radial spread (𝑣 𝑓 at time 𝑡 𝑓 ), and a term that
captures the nonlinear time dependence (𝑡) at the start of the
spread. This empirical model has the form

𝑟 (𝑡) = 𝑎0 tanh(ωℎ𝑡) + 𝑣 𝑓 𝑡 + 𝑟0, (12)

where 𝑎0 is a coefficient (units m or km) to be determined and
ωℎ (units s−1) is an inverse time constant, not necessarily the
same as ω in the torus model. It follows from differentiation
of Equation 12 with respect to time, that

𝑣𝑟 (𝑡) = 𝑎0ωℎ sech2 (ωℎ𝑡) + 𝑣 𝑓 . (13)

This is valid for 0 < 𝑡 < 𝑡 𝑓 , where 𝑡 𝑓 is the time at which
the brightness temperature of the intrusion edge is indistin-
guishable from the background temperature. This model is
referred to as the hyperbolic model and its form is influenced
by requiring that it provides values consistent with observa-
tions at the start and end of the spreading. At 𝑡 = 0, 𝑟 (0) = 𝑟0,
𝑣𝑟 = ωℎ𝑎0 + 𝑣 𝑓 , and as 𝑡 → ∞, 𝑣𝑟 → 𝑣 𝑓 . In order to estimate
the volume flux, 𝑄ℎ from this expression, it is assumed that
at 𝑡=0, 𝑄ℎ ≈ 2πℎ0𝑟0ωℎ𝑎0. Making the approximation exact
implies

𝑎0 =
𝑄ℎ

2πℎ0𝑟0ωℎ

. (14)

In the results to be presented the models are fitted to the mea-
surements of radius as a function of time which determine
the model coefficients. For the constant velocity, torus, and
hyperbolic models ℎ0 must be specified if 𝑄 is to be deter-
mined from the fits. The radial velocity and its variation with
time provides an extra constraint since 𝑣0 and 𝑣 𝑓 can be cal-
culated from the measurements. The calculation of 𝑄 from
Equation 7 (𝑄2/3), Equation 10 (𝑄𝑐), Equation 11 (𝑄𝑡 ), and
Equation 14 (𝑄ℎ) for all of the volcano cases is provided in an
Excel file, which also includes the coefficients of the fits for
all four models.

5 RESULTS
For each of the volcanic eruptions (sometimes more than one
for a particular volcano), the radial spread (𝑟 (𝑡)) of its um-
brella cloud and the radial velocity (𝑣𝑟 (𝑡)) are calculated from
the satellite thermal data, using the CAER procedure outlined
previously. Model fits were performed so that volume fluxes
could be estimated for the constant velocity (𝑄𝑐), 𝑡2/3 (𝑄2/3),
torus (𝑄𝑡 ), and hyperbolic (𝑄ℎ) models. The fitting was done
using a trust region method (see Hofer et al. [2022] for details)
from the Scipy optimise curve_fit package∗. The trust
region reflective (trf) method with tight bounds was found to
be generally robust and in addition provides error estimates
on the optimised coefficients of the fit; however, for the torus
and hyperbolic models, which involve several parameters, a
different minimisation procedure was adopted (see Appendix
C for further details). The radius measurement error (σ𝑟 )
is assumed to be the same for each data point and equal to√
2 × pixel size (km). The velocity measurement error is then
2σ𝑟/Δ𝑡, where Δ𝑡 is the time difference between successive
measurements. For Himawari data, these errors are ±2.8 km
and ±1.1 ms−1 for 𝑟 and 𝑣𝑟 , respectively. The accuracy of
the fits can be judged by the mean bias (measured-model)
and standard error for 𝑟 and 𝑣𝑟 .
Quantitative summaries of the performances of the models
in relation to observations of the radius and velocity spreading
as functions of time are shown in Figure 5 and Figure 6. Model
performance is based on the statistics:

𝑟𝑏𝑖𝑎𝑠 =
1
𝑁

𝑁∑︁
𝑖=1

|𝑟𝑖 − 𝑟𝑖 |; (15)

𝑟𝑟𝑚𝑠𝑒 =

√︄∑𝑁
𝑖=1 |𝑟𝑖 − 𝑟𝑖 |2

𝑁
; (16)

𝑣𝑏𝑖𝑎𝑠 =
1
𝑁

𝑁∑︁
𝑖=1

|𝑣𝑖 − �̂�𝑖 |; (17)

𝑣𝑟𝑚𝑠𝑒 =

√︄∑𝑁
𝑖=1 |𝑣𝑖 − �̂�𝑖 |2

𝑁
; (18)

where 𝑁 is the number of measurements, 𝑟𝑖 is a radius mea-
surement 𝑖, 𝑟𝑖 is the model estimate, 𝑣𝑖 is a velocity measure-
ment and �̂�𝑖 is the model estimate. Figure 5 shows the bias
(observations − model) and standard deviation of the radial
spreading for each eruption, for each model. In all cases, ex-
cept for Calbuco-1, the bias lies within −6 and +3 km, and
overall the bias for the three models is negative in the range
−0.2 to −3 km. The overall standard deviation is largest where
the umbrella radii are large, but within ±6 km, with the torus
and hyperbolic models having similar, and the lowest, bias
and standard deviation. The Hunga results for the 15 January
2022 eruption have been omitted as multiple vertical layers of
clouds have obscured the spreading umbrella cloud making
it difficult to identify properly in the satellite data. It is also
evident that none of the models perform particularly well (see
∗https://docs.scipy.org/doc/scipy/reference/generated/scipy.
optimize.least_squares.html
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Table 2 for the values). Figure 6 shows the bias (observations
− model) and standard deviation of the velocity spreading for
each eruption, for each model. Whereas for the radial spread-
ing it could be argued that the differences between the model
results are not significant, this is not so for the velocity spread-
ing. The torus and hyperbolic models biases are about half
the size of the 𝑡2/3 model bias, and overall they all have a sig-
nificant negative bias (model over-predicts observations). The
standard deviation of the models are similar. The hyperbolic
model outperforms the others largely due to the fact that it is
able to reconstruct the radial spreading for longer. Most of the
error in the model fits occurs at the later times, and the model
fits for the three models at the start of the radial spreading
are almost indistinguishable. For many of the eruptions, the
model biases and standard deviations are small, but there are
cases where none of the models perform well; for example
Aoba and Calbuco-1.
Since the umbrella radii can be an order of magnitude dif-
ferent between eruptions, it is instructive to define a coefficient
of variation for comparing models 𝑚, 𝑚=1, 2, or 3. The coef-
ficient of variation (𝐶𝑚) is a measure of the dispersion of the
data relative to the mean, and allows comparisons between
umbrella clouds of different size. 𝐶𝑚 < 0.1 is generally re-
garded as very good, whereas 𝐶𝑚 > 0.3 is poor.

𝐶𝑚 =
σ𝑚 (𝑟)
µ𝑟

, (19)

where

σ𝑚 (𝑟) =

√√√
1

𝑁 − 1

𝑁∑︁
𝑖=1

(𝑟𝑖 − 𝑟𝑚,𝑖)2, (20)

Figure 5: Biases (𝑟𝑏𝑖𝑎𝑠 = observations − model) and standard
deviations for the radial spreading for all of the eruptions con-
sidered in this study, except for the 15 January 2022 Hunga
eruption. Overall (all eruptions except Hunga 15 January 2022)
biases and standard deviations are provided in the legend. H19
denotes 19 December 2021 eruption of Hunga; H13 denotes 13
January 2022 eruption of Hunga. ABI is the Advanced Baseline
Imager and AHI is the AdvancedHimawari Imager which are es-
sentially the same instrument on board different geostationary
platforms—GOES-17 and Himawari-8, respectively.

Figure 6: Biases (𝑣𝑏𝑖𝑎𝑠=observations – model) and standard
deviations for the velocity spreading for all of the eruptions
considered in this study, except for the 15 January 2022 Hunga
eruption. Overall biases and standard deviations (all eruptions
except Hunga 15 January 2022) are provided in the legend. H19
denotes 19 December 2021 eruption of Hunga; H13 denotes 13
January 2022 eruption of Hunga. ABI is the Advanced Baseline
Imager and AHI is the Advanced Himawari Imager which are es-
sentially the same instrument on board different geostationary
platforms—GOES-17 and Himawari-8, respectively.

and

µ𝑟 =
1
𝑁

𝑁∑︁
𝑖=1

𝑟𝑖 , (21)

and 𝑁 is the total number of data points for each case, 𝑟𝑖 is
the 𝑖th measurement and 𝑟𝑚,𝑖 the 𝑖th model 𝑚 estimate; µ𝑟

is the mean of the radius (𝑟𝑖 ) data, and σ𝑚 (𝑟) is the stan-
dard deviation of the measurement–model (𝑚). 𝐶𝑚 is shown
for all eruptions in Figure 7 where it can be seen that in all
cases except two (Pinatubo and Ulawun-1) it is lower (more
accurate) for the torus and hyperbolic models compared to the
𝑡2/3 model. This is due to the fact that the 𝑡2/3 dependence
is not appropriate for modelling the later (decaying) stage of
the umbrella radius spread. In the two exceptional cases, the
umbrella intrusion has not reached the decaying stage. Much
better fits for the 𝑡2/3 model can be obtained by only fitting
the data for the emerging stage of the umbrella intrusion (𝑛
points) and 𝐶𝑡2/3 (black bars in Figure 7) is lower than, or the
same as, for all points (𝑁 ) in 18 of the 21 cases, but still mostly
larger than for the other models. 𝐶𝑡2/3 is not always lower be-
cause with 𝑛 < 𝑁 , µ𝑟 is smaller, counteracting smaller σ𝑚 (𝑟)
(e.g. Manam, Krakatau, and Aoba). Note that for optimal fits,
the number of data points used for the models differs, as it
became clear that two of the models could not fit the radial
spread at later times. In the case of the constant velocity es-
timates, where 𝑣𝑟 is estimated from the first few data points,
and 𝑄𝑐 from Equation 10, the error arises from a combina-
tion of errors in estimating 𝑟0 and ℎ0. The total error on 𝑄𝑐

is estimated to be ±10 %. All of the results are summarised in
Table 2 and provided in the Excel file.
Radius and radial velocity data and model fits are provided
for all eruption cases in Figures 8 and 9, and can be viewed
together with the table entries for each eruption. The plots are
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drawn in exactly the samemanner for ease of comparison. For
the radius spreading the model fits all appear to be reasonable
soon after the eruption (see Figure 8A–8U), but the 𝑡2/3 model
is clearly inadequate for explaining the rate of change of the
radius at later times (see Figure 9A–9U).
Since the eruptive history, environmental setting (e.g. at-
mospheric stability) and in some cases, the eruptive style, are
different between eruptions, it is instructive to look in more
detail. Two cases are discussed in the following subsections.

5.1 Umbrella cloud examples

Two eruptions are included for more detailed analyses:
Ulawun and Hunga, as examples that help understand the
overall results presented in Table 2 and in the statistical anal-
yses of Figures 5, 6, and 7. The Ulawun eruption is presented
first as this case exhibits many of the features expected for um-
brella clouds, including rapid ascent, large circular shape, dis-
placement from the location of the source vent (detachment),
a secondary eruption and transport by the mean winds.

5.2 Ulawun

Mount Ulawun (5.050°S, 151.333°E, 2334 m asl) on the island
of New Britain (see Figure 4) is a mixed basaltic/andesitic stra-
tovolcano capable of small to quite large eruptions (VEI~1–
4) [McKee et al. 2021]. The activity that started on 26 June
2019 culminated in a VEI~4 eruption at ~04:30 UTC and was
imaged at 10 minute intervals by Himawari-8 with a first
detection of an umbrella cloud at 04:50 UTC.∗ At this time
𝑇𝑐 = 208.7 K, δ𝑇1 = 2.8 K, and C = 0.954. At first detection,
the equivalent radius† of the 220 K contour was 8.9 km. The
Ulawun umbrella cloud was highly circular and remained so,
even after the centroid of the cloud moved away from the
volcano location. At 07:50 UTC, a small portion of the main
contour became detached and consequently C decreased. In-
spection of the images (Figure 10) suggests that between 06:00

∗This is the Sector start time of the Himawari image data. The actual
time at the pixel depends on the Sector (there are ten) and pixel num-
ber within the Sector. For Ulawun the actual pixel time is ~5 min
30 s later than the Sector start time. As the actual time is not used
quantitatively in this study, all times are referred to using the Sector
start time.
†For brevity, in future reference to radius implies the equivalent radius.

Figure 7: Coefficient of variation for radius fits for the three
models for all of the eruption umbrella intrusion studied. The
t2/3 model fitted with data only for the emerging stage (n ≤ N)
of the spreading intrusion is shown as black bars.

and 06:10 UTC a second, larger eruption occurred causing an
umbrella cloud that quickly merged with the first cloud.
After 07:10 UTC the two eruption clouds are indistinguish-
able; however the effect of the 2nd input is recorded as an
acceleration in radial expansion, starting at 06:30 UTC. Ta-
ble 2 shows the prescribed and estimated parameters for both
Ulawun eruptions. More detailed analysis of this eruption is
shown in Figure 11 for the 𝑡2/3 and the hyperbolic models
to highlight the temporal behaviour. There is a noticeable
change in 𝑣𝑟 at ~06:30 UTC, and another later at ~08:00 UTC,
although this is less clear and may also be due to detachment.
The initial increase in 𝑣𝑟 and change at 06:30 UTC can be
associated with separate explosions and hence changes in the
volume flux. Consequently these are modelled with different
hyperbolic model coefficients. The 𝑡2/3 fit for the initial ex-
plosion gives an adequate fit to both the radius and velocity,
except at the start of the umbrella expansion where this model
suggests unrealistically high initial velocity (as 𝑡→0, 𝑣𝑟→∞).
For the second eruption the velocity fit is quite poor through-
out. By selecting coefficients for the hyperbolic model, con-
sistent and accurate fits to the radial spread and the veloc-
ity time-dependence can be obtained, including the periods
of acceleration of the radial expansion. However, could the
change in 𝑣𝑟 be due to the background winds? The effect of
the background winds can be significant and in some cases the
movement of the intrusion may be dominated by the winds
at the level of neutral buoyancy. To investigate their signif-
icance for Ulawun, radiosonde profiles at Merauke (8.466°S,
140.333°E, ~1200 km SW of Ulawun; see map in Figure 4)
for 00 and 12 UTC on 26 June 2019 were examined. The
skew-T plot for 12 UTC (Supplementary Material 1 Figure S1)
shows a tropopause at ~18 km with a temperature no lower
than 190 K, suggesting that the umbrella cloud is close to or
at the tropopause. The umbrella cloud is beginning to elon-
gate in the NW–SE direction and by now there is no mass
supply to the cloud—it is dissipating. The background winds
in this case are not particularly strong (~10–20 ms−1) and are
going from the west to towards the east between 15–18 km
(see Supplementary Material 1 Figure S1). The methodology
used to determine radial velocities follows the motion of the
cloud by tracking the centroid of a selected isotherm and so
the background winds do not affect their calculation. This
Lagrangian approach ensures that the background winds are
removed from the calculation of 𝑣𝑟 . In order to check on the
representativeness of the Merauke profile wind vectors, re-
analysis data was examined at 250 hPa and 10 hPa and winds
were found to be relatively uniform over the region.
The life-cycle of the Ulawun umbrella cloud intrusion can
be described by an initial acceleration then a small period of
constant velocity followed by a rapid deceleration. A second
impulse of energy from another eruptive phase begins the cy-
cle again. After a few hours, with diminished or no further
eruptive activity the cloud is no longer being fed with mate-
rial from below, its shape distorts and the cloud is dispersed
by the background winds, or the cloud is no longer detectable
because the cloud is too optically thin. This pattern of events
appears to apply to some of the other clouds studied here,
with each of the periods in the life-cycle differing in amplifi-
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Radial spreading of volcanic umbrella clouds Prata et al. 2025

Figure 8: [A]–[U] Radius (km) versus time (h) measurements (black circles with error bars)
and model fits in coloured lines–torus (red), hyperbolic (dashed green) and t2/3 (dotted blue)
for all of the volcanic eruption umbrella clouds studied.

cation or diminution, number of eruptive phases, and in the
significance of the background winds.

5.3 Hunga, 2021/2022
The Hunga volcano∗ erupted violently on 19 December 2021
and on 13 January 2022 generating a large umbrella cloud
and again, more violently on 15 January 2022 [Matoza et al.
2022]. The eruption chronology and insights from volcanic
lightning data have been studied by Gupta et al. [2022], Jarvis
∗The Hunga volcanic eruption is also referred to in the literature as
the Hunga Tonga-Hunga Ha’apai eruption. The two islands Hunga
Tonga and Hunga Ha’apai are the observable surface features of the
submerged Hunga volcano.

et al. [2024], and Van Eaton et al. [2023]. There were at least 3
large explosions on 15 January and each may have produced
separate intrusions that became superposed and difficult to
separate in the data. The eruption columns were very high
[Carr et al. 2022], possibly reaching 57 km [Proud et al. 2022].
Data for the eruptions on 19 December and 13 and 15 Jan-
uary were obtained from Himawari-8 at 10 minute intervals
and from the GOES-17 ABI also at 10 minute intervals and
at 1 minute intervals for some periods of the eruptions on 15
January. These three eruption episodes are discussed sepa-
rately.
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Figure 9: [A]–[U] Radial velocity (m s−1) versus time (h) measurements (black circles with
error bars) and model fits in coloured lines–torus (red), hyperbolic (dashed green) and t2/3
(dotted blue) for all of the volcanic eruption umbrella clouds studied.

5.3.1 19 December 2021

The 19 December eruption was first noticed in Himawari-8
data at 20:40 UTC (20:47 UTC at the volcano) and it pro-
duced a large umbrella cloud (maximum radius ~130 km)
which lasted ~5 hours. The analyses for the 19 December are
shown in Figure 12. The umbrella cloud remained very circu-
lar (𝐶 > 0.85) up to about 2 hours after the initial eruption and
then became oval shaped, distorted in a SW–NE orientation.
In this case both AHI and ABI data at 10-minute intervals
were available and analysed separately. A single Sentinel-3
OCLI/SLSTR image was also acquired at 21:20 UTC on 19
December 2021. The degree of agreement between the radius
estimates for all three sensors is very good. The fits using the

hyperbolic, torus and 𝑡2/3 models are all good and volumet-
ric fluxes (𝑄𝑡 , 𝑄2/3=2.25, 2.60 × 109 m3s−1) estimated using
the models are also in agreement (within 15 %). The start of
the eruption was estimated to be 20:35 UTC based on model
fitting and agrees with the estimate reported by Carn et al.
[2022]. The volumetric fluxes were estimated to be ~3.1 and
2.43 × 109 m3s−1 for the constant velocity and hyperbolic fits.
All of the parameters used in the fits are given in the Excel
file.

5.3.2 13 January 2022

The eruption on 13 January which began at ~15:20 UTC was
large, with an umbrella cloud reaching and penetrating the

Presses universitaires de �rasbourg Page 13
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Figure 10: [A]–[J] Evolution of the Ulawun umbrella cloud at 30 minute intervals.
The dotted line shows the circle that has the same area as the 220 K contour and
its centre is indicated by a white dot. The volcano location is indicated by a black
triangle and the location and value of the minimum T (black dot) are also shown.
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Figure 11: Radius and radial velocity (𝑣𝑟 ) as a function of time
for the 26 June 2019 Ulawun eruption. Data points are indi-
cated by coloured circles. Fits to radius versus time are shown
by solid lines using the t2/3 mode and the hyperbolic model that
includes a radius offset, a constant velocity term and a hyper-
bolic tangent dependence. The 𝑣𝑟 versus time fits are shown
as dashed lines, determined by differentiating the radius fits.
The abscissa is time (in hours, UTC) and the ordinate is ra-
dius (in km, left-hand side, open circles) and velocity (in m s−1,
right-hand side, grey circles). Dashed (for velocity) and con-
tinuous (radius) lines are fits based on theoretical models. In
both cases the velocity fits are determined by differentiation of
the modelled radius fits.

tropopause. It was first detected in Himawari-8 data at 15:30
UTC and a minimum temperature of ~185 K was recorded in
the image of 16:10 UTC, by which time the umbrella cloud
had formed at the neutral buoyancy level and radial spread-
ing is evident. Figure S2 (Supplementary Material 1) shows
vertical profiles of the temperature, humidity, Brunt-Väisälä
frequency and air density on 13 January at 00 UTC obtained
from a profile (Figure S3, Supplementary Material 1) at a
nearby radiosonde station (~700 km, see Figure 4). There is a
tropopause at around 18 km where the minimum temperature
is 190 K Supplementary Material 1. Minimum temperatures
in subsequent Himawari-8 images vary between 185–190 K,
suggesting that the cloud was located near the tropopause. It
is reasonable to assume that 10 minutes after the initial erup-
tion the umbrella cloud had reached maximum height and
had started to spread as a gravity-driven current (intrusion).
Pouget et al. [2016] investigated flow regimes for the umbrella
clouds of several large eruptions, including two of the case
studies presented here (viz. Pinatubo and Kelut). They found
that the initial spread was governed by time dependencies of
~𝑡2/3 and ~𝑡3/4 when they assert gravity was the driving force,
while the latter stages of the spread followed ~𝑡2/9 and ~𝑡5/9,
when they assert turbulent drag dominates. The value of the
exponent for the time dependence in the turbulent drag regime
was largely determined by whether the eruption was short-
lived or in continuous eruption. For the 13 January eruption
the initial spreading (𝑡 ≲17:10 UTC) does not seem to follow
~𝑡2/3 particularly well, but ~𝑡3/4 appears to be better. The fits
for 𝑣𝑟 are poor for t−1/3 and t−1/4.

The time dependence of the radial velocity is shown in Fig-
ure 13. By 15:40 UTC there is a very circular umbrella cloud,
remaining circular for several hours, propagating with 𝑣𝑟 in-
creasing initially and then reaching ~15 ms−1 which remains
relatively constant for ~30 minutes and thereafter decelerates
to ~3 ms−1 at the end of the observations (Figure 13). There is
an indication of an increase in velocity at around 18:50 UTC,
suggesting that there may have been a second large injection
of energy into the cloud (i.e. a second large eruption); initial
reports∗ suggest a continuous eruption until ~21:30 UTC. In
this case and in others there appears to be a pattern of near
constant or slowly decreasing 𝑣𝑟 in the first tens of minutes
after the umbrella cloud forms.

5.3.3 15 January 2022
At ~04:15 ±3minutes UTC on 15 January 2022 Hunga volcano
generated the most energetic eruption in the last ~140 years
and was at least as energetic as Krakatau in 1883 [Matoza et
al. 2022; Wright et al. 2022; Yuen et al. 2022]. Himawari-
8 AHI and GOES-17 ABI 10-minute data were acquired for
the duration of the paroxysm, while ABI 1-minute data were
acquired from 07:05 UT, about 2.75 hours after the start of
the eruption. The umbrella cloud with radius ~21 km was
first observed in Himawari-8 data in the 04:10 UTC segment,
which corresponds to 04:17 UTC at the location of sensing at
Hunga†. The cloud is opaque and the cloud-top temperatures
have dropped below ~180 K (Figure 14), suggesting that the
umbrella had reached the tropopause (inset plot in Figure 14)
and there is considerable undercooling occurring. The cloud
continued to penetrate high into the stratosphere and inspec-
tion of the satellite data shows that radial spreading occurred
at two different levels. The great height (~57 km [Proud et al.
2022]), multiple explosions and large radial extent make this
eruption particularly difficult to analyse. It is likely that two
separate intrusions were generated [Gupta et al. 2022]: one
between 15–25 km and another above 32 km (see Figure 15).
Since temperatures increase in the stratosphere, analysis of
the upper intrusion is difficult when using brightness temper-
ature isotherms as they become confused with tropospheric
isotherms.
The complete time history of the umbrella radius and its
radial velocity for the 15 January eruption is shown in Fig-
ure 14. The upper plot shows the radius change with time,
while the lower plot shows the radial velocity change with
time. None of the models shown fit the entire time history
particularly well. The initial rapid spreading is slowed from
~05:20 UTC, but increases again from just before 07:00 UTC.
This can be seen more clearly in the velocity variation. In the
first hour or so, there is rapid radial spread with an initial ra-
dial velocity of ~75 ms−1. Following this, the change is more
gradual and then levels out beyond 08:00 UT. Van Eaton et al.
[2023] find a plume at ~15 km a.s.l. between 02:57–03:20 UTC
(at the volcano location) using GOES-17 data, whereas there
is no evidence of a plume in the Himawari-8 AHI data before
04:17 UTC on 15 January 2022 or in the GOES-17 thermal
∗https://matangitonga.to/2022/01/15/tongan-geologists-stunning-
Jan14eruptions
†The ABI data give radii of 18, 18.8, and 20 km, for isotherms 235, 240
and 245 K, respectively.
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Figure 12: Radius as a function of time for the 19 December 2021 eruption of Hunga volcano determined from 10-minute AHI (open
circles) and ABI data (closed circles). Fits based on t2/3, hyperbolic, torus, and t (constant velocity) models are shown, along
with estimates of the flux for three models. The parameters used and the flux estimates are also available in the Supplementary
Excel file. t0 is the assumed start of the eruption, ≈12 min before the first observation. The AHI T12 µm minimum cloud-top
brightness temperature is shown in light-green (right-hand side ordinate) showing the rapid drop in temperature as the umbrella
cloud reaches and penetrates the tropopause. The theoretical time limit expected for the constant velocity regime is indicated
by a dotted red line. The red triangle on the abscissa marks the time of the eruption.

data used here. This is likely due to an error in their cloud
shadow analyses, which does not affect their estimate of the
MER of ~0.5–1 × 1010 kg s−1, equivalent to volumetric flux
range of 3.2–5.5 × 1011 m3s−1. The analysis done here for
the ABI data (not shown) gives 𝑄𝑡 = 4.1–5.2 × 1011 m3s−1.
Radius versus time fits using the constant velocity and

𝑡2/3 dependencies are both reasonable in the rapid spread-
ing regime but poor afterwards. The time history (Figure 14)
is best explained by three separate injections of material from
eruptions at 04:15, 04:27, and 04:47 UT. Ichihara et al. [2023]
report eruption times at 04:14, 04:51, 05:34, and 08:33 UTC
which correspond well to two of the three eruption times
found here, and the later ones at 05:37 ± 3 minutes and
08:31 ± 3 minutes (see Figure 14A). It is also interesting to
note that Ichihara et al. [2023] describe observations of a sec-
ond lightning ring around 05:09–05:29 UTC, which can be
associated with an eruption at 04:47/04:51 UTC generating an
intrusion with 𝑣𝑟~74 ms−1.

The lower plot also shows the surface pressure trace from
Tonga (~70 km from Hunga) with large pressure anomalies
corresponding to the passage of explosive energy (in the form
of fast travelling gravity waves). If we take the time differ-
ence between the time of no acceleration (𝑑2𝑟/𝑑𝑡2 = 0) using
the tanh(ωℎ𝑡) fits and the eruption times (based on the pas-
sage of the pressure waves), and calculate the great circle dis-
tance between Hunga volcano and the leading edge of the um-
brella, then the implied initial radial velocities are ~78, 74, and
69 ms−1, suggesting the volumetric fluxes from each eruption
were very similar. Since these later eruptions are not directly
detectable by the observations presented here, due to cloud

opacity, the implied initial velocities are greatly underesti-
mated. The initial velocities found here agree (within 10–20 %)
with the estimate given by Ichihara et al. [2023] of 64 ms−1.
Assuming an intrusion depth of 15 km for the initial intrusion
gives values for the model fluxes of 𝑄𝑐 = 4.3 × 1011 m3s−1,
𝑄ℎ = 4.35 × 1011 m3s−1, 𝑄𝑡 = 4.37–4.97 × 1011 m3s−1,
and 𝑄2/3 = 3.95 × 1011 m3s−1, assuming λ𝑐𝑠 = 0.2 and
𝑁 𝑓 = 0.024 s−1. These suggest mass eruption rates of
~5 × 109 kg s−1 using theoretical formulations and constants
from Suzuki and Koyaguchi [2009]; see their Equation 2 and
Section 4.3d. The volumetric flux estimated here is in agree-
ment with the estimates of Gupta et al. [2022] and Van Eaton
et al. [2023]. Assuming that the vertical exit velocity of the
gas and particles was ~200 ms−1 the time to reach 22 km
(an average cloud top height) is ~2 minutes, which suggests
that the main explosion occurred at 04:15 UTC in agreement
with other reported results [Kulichkov et al. 2022; Matoza et al.
2022; Wright et al. 2022; Yuen et al. 2022; Horváth et al. 2024].
For the 1-minute data it was possible to determine the equiva-
lent radii for the lower intrusion based on the 225 K isotherm.
Supplementary Material 1 Figure S4 shows the radial spread
as a function of time for the period 07:05 to 10:18 UTC to-
gether with (inset) the trajectory of the location of the centroid
of the 225 K contour, after correction for parallax. The 𝑡2/3
and 𝑡 (constant velocity) best fit lines are also shown. The vol-
umetric flux is on the order of ~2 × 1011 m3s−1, as determined
from both fits. The intrusion depth was assumed to be 15 km
based on 3-D umbrella model simulations of very large erup-
tions [Suzuki and Koyaguchi 2009], however it should be noted
that ℎ0 is poorly constrained. The trajectory of the centroid
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Figure 13: The Hunga eruption of 13 January 2022. [A] Ra-
dius as a function of time for the 13 January 2022 eruption of
Hunga. Model fits for the constant velocity (black), hyperbolic
(green) and torus (red) dependencies are shown (the torus
model is very similar to the hyperbolic model in this case—
see Figure 9T). Also shown are theoretical time dependencies
based on the work of Pouget et al. [2016] for the initial gravity-
driven regime t2/3 (blue) and t3/4 (orange). [B] Radial velocity, vr
as a function of time. The velocity dependences are shownwith
the same corresponding colours as the radius dependences
(solid lines).

is almost due west and the umbrella intrusion radial velocity
was determined to be ~31 ms−1.

5.4 Spreading timescales

After a time-scale of ~3/𝑁 𝑓 [Rooney and Devenish 2014],
buoyancy-inertia forces take over and the radial spreading

continues, while the radial velocity decreases until finally the
spreading dissipates. Three distinct flow regimes were mod-
elled: a short period where the radial velocity is constant, a
regime where the flow is buoyancy driven and 𝑟 ∼ 𝑡2/3 and a
regime where the umbrella cloud is dissipating and 𝑟 ∼ 𝑡2/9.
To demonstrate the existence of the constant velocity regime,
Figure 16 shows the temporal variation of the radial velocity
of the mean of eight eruptions from Soufriére St Vincent on
a logarithmic timescale to accentuate the initial time period.
The 𝑡2/9 power law (not shown) tends to overestimate the
spreading at the start of the eruption and is not a significant
improvement in the dissipating stage and is not considered
further. The torus model provides a better fit, generally, than
the constant or 𝑡2/3 models and the hyperbolic model also
gives a good fit for the entire timeline of the flow regimes.
These data are at 1-minute time sampling and so can reliably
capture the flow at sufficient time resolution to identify flow in
the first few minutes after the eruptions. Note that these erup-
tions were all very similar in their propagation character. The
grey-shaded region shows ±1σ around the mean line. The
hyperbolic model predicts the constant velocity regime dura-
tion, whereas the power law (𝑡2/3) fails to capture this flow
regime. In their modelling, Ichihara et al. [2023] find a flow
regime with 𝑟 ∝ 𝑡 at the start of the Hunga 15 January 2022
eruption and 𝑟 ∝ 𝑡0.7 later. Suzuki and Koyaguchi [2009] used
a 3D numerical model and also found a constant velocity flow
at the start of their simulations (see their Figure 9a, and 9b)
lasting ~500–800 s. To examine the behaviour of the 15 Jan-
uary 2022 Hunga umbrella cloud radial velocity at later times,
the 1-minute ABI data are plotted together with the AHI 10-
minute observations for a period of ~3 hours from 07:00 UTC
(Figure 17). There is good correspondence between the AHI
and ABI observations for this period, although the 1-minute
data exhibits much greater variability. As discussed earlier
the velocity variation can be simulated well using the hyper-
bolic model with an assumed eruption beginning at 04:47 ± 3
minutes (UTC) (green-coloured line in Figure 17). The small
amplitude oscillations in the ABI velocities have a frequency
of ~1 mHz and may be associated with the turbulent eddy
turnover timescale of 3 mHz noted by Ichihara et al. [2023].

5.5 Volumetric fluxes
The expression derived by Rooney and Devenish [2014] (their
Equation 17a), can be used to estimate the volumetric flux at
the start of the eruption (the constant velocity regime),

𝑟 (𝑡) ≈ 𝑄𝑐

2π𝑟0ℎ0
𝑡 ∼ 𝑂 (𝑁−1

𝑓 𝑡), (22)

where 𝑄𝑐 is the volume flux (m3s−1) and 𝑟0, ℎ0 are the initial
umbrella radius and intrusion depth, respectively. Values of
𝑄𝑐 determined from Equation 10 and the values used for the
𝑟 versus 𝑡 relation are provided in Table 2 assuming an intru-
sion depth, that differs between eruptions. These estimates
do not rely on any assumed parameters, e.g. entrainment and
scaling coefficients or a value of 𝑁 𝑓 [Webster et al. 2020], other
than the depth of the intrusion. Since 𝑄𝑐 scales with ℎ0, and
ℎ(𝑡) decreases with time, a maximum volume flux can be de-
termined by assuming an initial intrusion depth. This linear
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Figure 14: [A] Radius as a function of time for the 15 January 2022 eruption of Hunga determined from 10-minute AHI data. The
coloured triangles along the abscissa indicate the times of eruptions deduced from the data. Fits based on t2/3, hyperbolic and t
(constant velocity) are shown to indicate that none of the models can properly fit the complete time history of the radial spread,
assuming a single explosive event. [B] Radial velocity, vr and surface pressure as a function of time. The surface pressure
measurements [Wright et al. 2022] at Tonga, ~70 km to the south, are shown (right-hand ordinate) to indicate the timings of the
passage of the pressure drops associated with volcanic explosions. Individual fits using the hyperbolic model are shown for
three assumed eruptions, colour coded according to the event. The orange-coloured line in [A] shows a superposition of these
three hyperbolic model fits to the radial spread based on parameters that fit the vr variation.

time-dependent regime appears to last much longer than ex-
pected from theory. Comparisons between the constant veloc-
ity flux (𝑄𝑐) and 𝑄2/3 from the 𝑡2/3 relation show reasonable
agreement (Table 2); certainly well within the errors associ-
ated with calculating either value. The advantage of using
the constant velocity estimate is significant, as only two data
points are required and these necessarily need to be within a
few minutes of the start of the eruption. However, it should be
emphasised that the intrusion depth is an assumed parameter
and its precise value controls these estimates of the volumetric
flux. Aubry et al. [2019] simulated plumes for a large variety
of conditions with a 3D plume model (ASHEE), and found that
the vertical profile of horizontal mass flux into the umbrella
cloud is well represented by a gaussian with width of 0.108 of

the plume height above vent level. This suggests an intrusion
depth of 0.22 (±1σ) or 0.43 (±2σ) of the plume height [Aubry
et al. 2019, see their Figure S2]. While certain physical con-
straints on its value can be made, observations, for example
from a space based lidar [Winker et al. 2009], would be highly
beneficial at the leading edges of the intrusion where the cloud
is not optically thick.

Based on the models, a quantitative comparison between
the volume flux estimates is shown in Figure 18. There is
good correlation between the estimates over three orders of
magnitude, and it appears that all of the models provide simi-
lar estimates, within the errors (shown as rectangular shaded
regions surrounding the values). The one exception is the
case of continuous emissions from Krakatau, where the 𝑡2/3
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Figure 15: AHI images (true-colour) for the first ~1 hour follow-
ing the first paroxysmal eruption of Hunga on 15 January 2022.
The AHI sensor detected the eruption at 04:17 UT, ~2 minutes
after the initial eruption. The lower panels show the CAER anal-
yses at three different timeswith estimated radii illustrating the
near-circularity of the initial (lower) umbrella cloud. The true-
colour AHI images clearly show a second, lower altitude intru-
sion beginning to spread radially (04:50–05:00 UT).

model significantly underestimates the flux compared to the
other models. The reason for this is that the radial spreading
rate is more or less constant (∝ 𝑡) as may be seen from the 𝑣𝑟
plot (Figure 9); the new hyperbolic parametrisation is better
able to model this type of emission. The correlation between
volume flux and height is poor; suggesting that using height
to estimate flux is unreliable (Figure 19). Likewise, correla-
tions between flux, maximum radial velocity and maximum
radius reached are also poor. The poor correlation between
𝑄 and maximum radius reached may be explained by noting
that umbrella expansion at later times is also controlled by the
background wind strength relative to the umbrella radial ve-
locity and the effect of mixing, which reduces the brightness
temperature contrast between the umbrella’s leading edge and
the background atmosphere.
The torus model parametrisation can be used to estimate
the rate of decay of the flux with time. Although the form of
the time dependence is prescribed, the rate of change is deter-
mined from the parameter α, which was determined from the
data fits. The decay rate is shown in Figure 20 for five differ-
ent eruptions, from the longest lived (~12 hours for Pinatubo)
to the short-lived (~1 hour) eruptions of Soufière St Vincent
and the Grenadines (SVG).

6 DISCUSSION AND CONCLUSIONS
It may be possible to reliably estimate the volumetric flux
rapidly or within ~10–20 minutes after the initial eruption.
The idea of using just the first few measurements to obtain
an estimate of 𝑄 requires high time resolution data; at least
10 minute intervals, but 1-minute or 5-minute data are prefer-
able. Such data are now available from several geostationary
satellites. To further emphasise this idea, 5-minute data from

the SEVIRI instrument were analysed for two small eruptions
of Etna volcano on 21 May 2023. The results are shown in
Figure 21 where only the fluxes from the 𝑡2/3 model and the
constant velocity model were determined. The second erup-
tion is inferred from the change in slope (increase) of the data
at around 09:25 UTC and agrees with the volcanic tremor data
reported by De Beni et al. [2024] that shows increases at ~07:00
UTC and 09:00–09:40 UTC. The fluxes determined for these
two small eruptions are ~0.7–0.9 × 108 m3s−1 for both the
constant velocity and 𝑡2/3 models and in good agreement, well
within the uncertainty of the prescribed parameters. How-
ever, the constant velocity estimate would be available ~5–10
minutes after the cloud reaches neutral buoyancy, whereas
the 𝑡2/3 model would require a further ~30–60 minutes for a
reliable estimate.
An objective method for identifying the radius of volcanic
umbrella clouds in light winds using infrared satellite-derived
brightness temperature measurements is presented. The
methodology is used to determine volcanic umbrella cloud
structure, utilising well-established digital image processing
techniques. A recipe for identifying umbrella clouds in ther-
mal infrared satellite data was also proposed. It is not sug-
gested that this is the only way of analysing the data nor is it
suggested that the methods are optimised; the main purpose is
to provide an objective and standardised means for describing
volcanic umbrella clouds. A secondary purpose is to stimu-
late more work in this area and find improved objective ways
to use the copious amounts of open-access satellite data now
available.
By examining these data for the radial spreading of 13 vol-
canoes with large eruptions that produced near-circular um-
brella clouds it was found that at the onset of the spreading,
the radial velocity is almost constant and then decreases more
slowly than expected from asymptotic power laws (~𝑡 𝑓 , 𝑓 <

1) deduced from gravity current theory. A new parametri-
sation involving the hyperbolic tangent function is proposed
that captures the time history of radial spreading with a single
parametrisation. However, it is not obvious how to estimate a
volume flux from this relation. A theoretically justified model,
based on a torus-shaped intrusion is proposed that provides
good fits to the radial spreading and also improves the form
of the radial velocity change with time and distance. This
model is used to estimate the volume flux by determining its
coefficients by fitting with measurements.
The two new models proposed are not necessarily spe-
cific to volcanic umbrella clouds: any atmospheric impulse
that generates a large and vertically extended cloud should
cause radial spreading according to the theory outlined here.
An analysis of many large convective storms has been con-
ducted to confirm this speculation and Figure 22 shows one
example from data for a storm nicknamed ‘Hector’ (on the
Tiwi islands, Northern Australia). Note that as in the case
for the continuous phase of the 2018–2019 Krakatau activity,
the radial spreading increases and the radial expansion veloc-
ity slowly decreases. This feature distinguishes short duration
explosive events from more continuous convective cloud gen-
eration. The assumption that 𝑄 decays exponentially with
time could be changed to a linear decay or some other form.
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Figure 16: Mean radial velocity as a function of time for 1-minute data for eight separate eruptions of Soufriére St Vincent (La
Soufriére). The vertical red dashed line shows the theoretically expected timescale for the constant velocity regime, in this case
~150 s. Also shown are fits for the 𝑡2/3 (blue), hyperbolic (green) and torus (red) models. The grey-shaded region shows ±1σ
around the mean line.

Figure 17: Velocity variation of the 15 January 2022 Hunga eruption from 07:00–10:00 UTC. The small blue-coloured dots are
ABI 1-minute observations and the larger light-blue-coloured dots are 10-minute AHI observations. The fit using the hyperbolic
model using an eruption time of 04:47 UTC is shown as an orange line.

In the case of a continuous source some other dissipative pro-
cess must operate on longer time scales. Previous work [e.g.
Rooney and Devenish 2014] has assumed that ℎ ∼ exp(−β𝑡),
where β is related to 𝑁 𝑓 . The fits shown in Figure A5 suggest
that the intrusion thins as ~sech(ω𝑡). It is entirely possible
that the radial spread is very sensitive to the exact shape of
the leading edge of the intrusion, in the case of volcanic intru-
sions, and better measurement data (3D) might reveal what
the leading edge looks like.

A constant velocity regime has been found which does not
last long, perhaps a few minutes and no more than a few tens

of minutes, that would be difficult to detect in hourly sam-
pled satellite imagery and hence not previously reported. The
existence of this regime has been theoretically predicted and
observed in laboratory data [Kotsovinos 2000], but as far as we
know this is the first time it has been studied for volcanic in-
trusions using satellite data. This has been made possible by
the use of 1–10 minute sampled satellite-derived brightness
temperatures. By examining the temporal evolution of the
radial velocity, the presence of other eruptive events can be
easily discerned. The constant velocity regime can be used to
derive the volumetric flux (𝑄𝑐) at the start of the eruption and
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Figure 18: Comparison between volume flux estimates by dif-
ferent methods. The ordinate shows the flux estimates using
the t2/3 variation (Q; the abscissa shows the torus model (Qt,
blue circles) and the constant velocity model (Qc, red circles).
The shaded rectangular region surrounding each point is the
estimated error.

Figure 19: Height versus volumetric flux (hyperbolic model) for
the explosive eruptions considered in this study. The best fits
(not shown) suggests the correlations, with and without the
Hunga 15 January 2022 eruption are poor (r2 ≲ 0.5). Very sim-
ilar low correlations are found for Q2/3 and Qt.

is constrained by just one unknown: the intrusion depth. This
may be a very useful result for modellers as generally 𝑄 (or

Figure 20: Rate of decay of the volumetric flux (Q) as a function
of time for five different eruptions. The solid line shows Qt, the
dashed-line shows Q and the dotted line shows Qc.

Figure 21: Estimating fluxes using the constant velocity as-
sumption for two small eruptions of Etna on 21 May 2023. The
constant velocity fluxes are estimated from the rate of change
of the first 2 or 3 measurements of the radius (the slope or
initial radial velocity), an assumed intrusion depth (h0 = 1 km,
here) and the radius of the initial umbrella cloud, r0 (6.6 km,
here). The t2/3 flux assumes λ𝑐𝑠 = 0.2 and 𝑁=0.014 (8–11 km)
calculated from a radiosonde at Trapani (Station id: 16429,
~300 km due west of Etna).

the MER) is not known but is needed to provide accurate dis-
persion forecasts. Estimating 𝑄 from a power law model (e.g.
𝑡2/3) requires a much longer series of data points and hence a
longer time to provide the estimate. The determination of 𝑄
this way still requires a value for an assumed parameter λ𝑐𝑠

(a cloud shape factor) that is poorly constrained and is vari-
ously assumed to have a value between 0.1–0.2 (λ𝑐𝑠 = 0.2 has
been assumed here). MER is then calculated from 𝑄 using, for
example, the method in Van Eaton et al. [2016] (their Equation
1 and 2), which requires two more assumed parameters, an
entrainment value and an empirical constant.
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Figure 22: ‘Hector the Convector’ storm analysis on 29 Octo-
ber 2021. Top: Radius and velocity (radial) versus time with
the torus (red) and hyperbolic (green) model fits. The time axis
has been changed to logarithmic to accentuate the difference
in behaviour at the start of the spreading. Bottom: True colour
Himawari-8 image of Hector at 06:50 UT (29/10/2021). The
green-coloured contour is the 220 K isotherm based on 12 µm
brightness temperatures. The equivalent radius data were de-
rived using the 220 K contour on consecutive 10minute interval
images.

The MER is sometimes calculated from a relation involving
the plume-top neutral buoyancy height which has a power-
law relationship for very large eruptions [Mastin et al. 2009].
This relation appears to be a consequence of the eruption pro-
cess rather than fundamental to it, and was found to be poor
(𝑟2 = 0.1–0.5) for the cases studied here. Measurements of
a spreading umbrella cloud and the rate at which it spreads,
encapsulates, in a realistic way, the causal relation between
the vertical momentum that creates the intrusion and its sub-
sequent horizontal spreading. This seems to be a more robust
way to estimate volume fluxes.
An interesting result of our analyses is the reasonable fits
(radius versus time) obtained for the complete time-cycle of
the intrusion based on the hyperbolic tangent function. The
velocity versus time fits are found to be good when using the
derivative of the hyperbolic tangent function. While no sig-
nificant meaning has been placed on this result there remains
the possibility that the intrusion behaves like a propagating

torus-shaped wavefront. The vertical momentum of the col-
umn and subsequent sloughing back into the troposphere gen-
erates wave motions that affect the radial spread. In a nu-
merical model of umbrella cloud spreading, Suzuki and Koy-
aguchi [2009] found large amplitude wave structures in den-
sity, temperature and pressure at the top of the intrusion. They
suggest that these wave-like perturbations occur around the
neutral buoyancy level and that their characteristic frequency
(~3.1 mHz) is related to the Brunt-Väisälä frequency in the
stratified environment. The estimated frequencies found for
the hyperbolic tangent fits are on the order of 0.1–0.9 mHz.
Ichihara et al. [2023] propose that turbulent inertial particle
clustering is responsible for the generation and spatial struc-
ture of the lightning rings [Van Eaton et al. 2023; Jarvis et al.
2024] observed during the 15 January 2022 Hunga eruption.
The timescale of these turbulent eddies is 3 mHz.
The functional fits to 𝑣𝑟 presented here follow closely the
form sech2 (ω𝑡). The maximum radial speeds found for the
umbrella clouds range from 10–79 ms−1, which implies a
large range of intrusion depths ℎ of ~1 to 15 km. The very
high 𝑣𝑟 of the Hunga eruption, corresponds to a large volu-
metric flow rate and deep intrusion which are consistent with
this eruption being thermally energetic [Wright et al. 2022].
Finally, this work suggests that high cadence satellite mea-
surements of powerful eruptions and also of large convective
storm systems are useful for determining volumetric flow rates
directly and, in the case of eruptions, by assuming a constant
velocity phase at the start of the eruption, a rapid estimate of
𝑄 is possible. This information will be useful for initiating
models that forecast the dispersion of volcanic material in the
atmosphere.
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APPENDIX A: IMAGE PROCESSING
A variety of tools were used to detect and define the size and
shapes of umbrella clouds. The measures with examples are
summarised here.

A1 Edge detection
The Canny edge detector [Canny 1986] was used to determine
the location of the edges of the selected brightness tempera-
ture isotherm. The method consists of multiple stages: noise
reduction, filtering and gradient estimation using derivatives,
checking for local maxima and thresholding. An example of
the use of the algorithm is shown in Figure A1.

Figure A1: Canny edge detection applied to the Mt Etna MODIS
12 µm brightness temperature image (see Figure 2).

A2 Morphology
The morphological properties of cloud structures are analysed
using a 2D shape extraction open source Python package
(imea). A full description of over 50 different shape descrip-
tors is provided by Kroell [2021]. For this work, the main
interest is with the distortion of the cloud from a circular
shape. The measures used are:

• The radius of the circle circumscribing the cloud shape

• The radius of the circle inscribing the cloud shape

• The Feret diameter [Feret 1930]. The greatest perpen-
dicular distance (greatest Feret diameter–GFD) with parallel
tangents touching opposite sides of the shape profile.

• The Horizontal Martin diameter [Martin et al. 1923]. A
measure of the horizontal chord length that bisects the shape
into two equal halves.

• The Nassenstein diameter [Pahl et al. 1973]. Corresponds
to the length of a chord in the shape profile that is perpendic-
ular to the tangent at the point of contact.

• The maximum chord length of the cloud shape.

• Heywood diameter [Heywood 1933]. This is the diameter
of a circle that has the same area as the cloud shape.

An example of the morphological measures is shown in Fig-
ures A2 and A3. The statistical length is a measure of the
chord length (or Feret, Martin, and Nassenstein diameters) as

a function of angle measured clockwise from the x-axis (hor-
izontal). For example in Figure A2, the Feret diamater with
angle = 0 degrees is 278 km. The diameter is measured as the
orthogonal distance between the parallel lines (Figure A2, pan-
els in second row). Rotating these lines through small steps in
angle clockwise, and measuring the orthogonal distance gives
a statistical length as a function of angle (Figure A2, panels in
third row). The frequency distribution of statistical lengths is
shown in Figure A2, fourth row.
This work utilised these measures in a subjective manner
to assess the degree of distortion (from circular) of the um-
brella clouds. In future work the shape distortion metrics
will be used to objectively analyse the effects of winds, wind
shear and horizontal mixing on propagating volcanic intru-
sions. The example for Taal (Figure A3) illustrates the shape
metrics for a highly elongated plume-like cloud.

A3 Shape factors
Shape factors are non-dimensional parameters, in this context,
describing the shape of 2D cloud objects. The factors used
are: Circularity C and the Roundness R—see Equation 2 and
Equation 3, respectively for the mathematical definitions. Both
measures are intuitive and need little extra explanation other
than C is an area ratio, while R is a linear ratio of the radii of
the inscribing to circumscribing circles (see above).

APPENDIX B: VOLCANIC INTRUSIONS
B1 Modelling intrusion spread—assumptions
The radial spread of an idealised volume of material is
modelled assuming material is forced upwards high into the
atmosphere and spreads at the neutral buoyancy level with
initial conditions:

• An atmosphere at rest. No vertical wind shear and no
horizontal advection.

• The volume is axially symmetric, conserved and has the
idealised shape of a torus or an ellipsoid.

• The initial impulse is discrete: it can be specified by a
single volume flux (flow rate) 𝑄0 (m3 s−1) or with a slow
exponential rate of decay with time.

• The height of the intrusion is small compared to the
depth of the atmosphere and can be modelled as an isolated
“hump”.

To calculate how the radius spreads with time when both 𝑟
and ℎ are functions of time, an idealised shape for the material
volume is assumed. The volume of an ellipsoid with radius 𝑟
and height (depth), ℎ is:

𝑉𝑒 =
4
3
π𝑟2ℎ. (A1)

The volume is one third larger than the volume of a cylin-
der with the same height and radius, but the ellipsoidal shape
is more realistic than a cylinder because the leading edge is
sloped rather than sharp.
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Figure A2: Shape metrics used to determine the morphology of the umbrella cloud contour. This example is for the 13 January
2022 eruption of Hunga. (Analyses performed using the Python imea package Kroell [2021].)

The volume of a torus with radius 𝑟 and height (depth), ℎ
is (see Figure A4):

𝑉𝑡 =
1
2
π2ℎ2𝑟. (A2)

The volume changes with time according to:

𝑑𝑉

𝑑𝑡
= 𝑄0 exp(−α𝑡), (A3)

where 𝑄0 is an initial flux (m3 s−1) and α is a positive inverse
time constant.

Torus
A torus may be an appropriate shape for the spreading of the
leading edge of the intrusion. Assume that

ℎ = ℎ0 sech(ω𝑡), (A4)

where ω is a non-zero, positive frequency that governs the
spread of the ‘hump’∗ with time 𝑡. A motivation for assum-
ing this form is based on the speculation that the leading edge
∗It is possible to repeat the analysis with different functional forms for
the hump, e.g. sech2 (ωt).

is behaving like a wave-like structure obeying weakly nonlin-
ear dynamics, similar to solutions of the Korteweg-De Vries
equation. Using Equation A2 and Equation A3:

π2
[
𝑟ℎ

𝑑ℎ

𝑑𝑡
+ 1
2
ℎ2

𝑑𝑟

𝑑𝑡

]
= 𝑄0 exp(−α𝑡). (A5)

Then,

𝑑𝑟

𝑑𝑡
= 2

[
𝑄0𝑒

−α𝑡

π2ℎ20 sech
2 (ω𝑡)

+ 𝑟ω tanh(ω𝑡)
]
, 𝑡 > 𝑡0,

𝑑𝑟

𝑑𝑡
≈ 2𝑄0

π2ℎ20
, 0 > 𝑡 ≤ 𝑡0,

(A6)

Written in the form
𝑑𝑟

𝑑𝑡
+ 𝑟ζ(𝑡) = η(𝑡), (A7)

the integral of Equation A7 can be evaluated by introducing
the integrating factor, ξ(𝑡):

𝑑 (𝑟ξ(𝑡))
𝑑𝑡

= ξ(𝑡)η(𝑡), (A8)
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Figure A3: Morphological properties of the Taal eruption at 12:00 UTC on 12 January 2020.

where,

ξ(𝑡) = exp
[
−
∫

ζ(𝑡)𝑑𝑡
]
,

ξ(𝑡) = sech2 (ω𝑡),

ζ(𝑡) = 2ω tanh(ω𝑡),

η(𝑡) = 2𝑄0 exp(−α𝑡)
π2ℎ20 sech

2 (ω𝑡)
.

Integrating Equation 8 with respect to time and evaluating the
constant of integration, assuming 𝑟 = 0 at 𝑡 = 0, the result is:

𝑟 =
2𝑄0

π2ℎ20α
cosh2 (ω𝑡) [1 − exp(−α𝑡)] . (A9)

Note that the same result can be obtained by integrating Equa-
tion A3 with boundary conditions and substituting from Equa-
tion A2 and Equation A4.

Ellipsoid, 𝑉𝑒
Only the upper half of the ellipsoid is considered assuming
that the central plane (X-Y) of the ellipsoid is at ℎ = 0, the
neutral buoyancy level.

2
3
π

[
2𝑟ℎ 𝑑𝑟

𝑑𝑡
+ π𝑟2

𝑑ℎ

𝑑𝑡

]
= 𝑄0 exp(−α𝑡) (A10)

If ℎ=constant at 𝑡 ~ 0, then this leads immediately to the solu-
tion,

𝑣𝑟 =
𝑑𝑟

𝑑𝑡
=
3𝑄0
4π𝑟0ℎ0

, (A11)

Figure A4: Torus [A] and Ellipsoid [B] volumes for the idealised
shape of a spreading intrusion. The radial spreading occurs in
the x-y plane while the decay of the height of the intrusion is in
the z-direction. For the torus, h measures the diameter of the
circular cross-section of the torus, while for the ellipsoid h is
the height of the ellipsoid at the origin.

where ℎ0 is the constant intrusion depth and this can only
be true for 0 < 𝑡 < 𝑡0 and 𝑡0 is ∼𝑂 (3/𝑁 𝑓 ), 𝑁 𝑓 is the Brunt-
Väisälä frequency [Rooney and Devenish 2014]. At these small
times 𝑄 ≈ 𝑄0 and the ellipsoid has radius 𝑟0. Thus as soon as
the erupting volume reaches the neutral buoyancy level and
begins to spread it is possible to estimate the initial flux from
a measurement of 𝑟0 (by satellite) with an assumption only on
ℎ0. Expanding Equation A10,

𝑑𝑟

𝑑𝑡
=

[
3𝑄0𝑒−α𝑡

4πℎ0𝑟 sech(ω𝑡)
+ 2𝑟ω tanh(ω𝑡)

]
, 𝑡 > 𝑡0,

𝑑𝑟

𝑑𝑡
≈ 3𝑄0
4πℎ0𝑟0

, 0 < 𝑡 ≤ 𝑡0.

(A12)

Making the substitution 𝑦 = 𝑟2 leads to another general lin-
ear differential equation in the form of Equation A7 and an
integrating factor, ξ(𝑡) = sech4 (ω𝑡). This requires evaluating
the integral,

∫
𝑒−α𝑡 sech3 (ω𝑡)𝑑𝑡, which involves the hyper-

geometric function. The form of the solution, which can be
written down, is long, complicated and uninformative and as
the torus model has been shown to match the data better than
the Ellipsoid model, this solution has not been explored.

B2 Model results
The models are compared with values of ℎ0, 𝑄0, α and ω set
to give a ‘best’ fit with the data for the eruption of Taal which
lasted for ~7 hours (see Figure 8O, which shows the radius is
still increasing after ~5 hours). Figure A5 shows the results.
The parameters were evaluated to obtain fits that are similar
whilst also giving the same volumetric flux, 𝑄. The torus
model appears to provide a better overall fit to the data than
the ellipsoid model. To estimate 𝑄𝑡 from a model fit to the
data the Scipy curve_fit package was used with bounds set
and using method=‘trf’. It is apparent that𝑄0 and ℎ0 cannot
be estimated separately, only the term 𝐴 = 𝑄0/π2ℎ20 can be
estimated, together with ω and α. The estimation process is
done using all three parameters 𝐴, α, and ω with bounds set
to obtain a good fit (low residuals) and so that the variance
on the coefficients (measured by

√︁
𝑑𝑖𝑎𝑔(𝑐𝑜𝑣)) is acceptable.

The initial intrusion height, ℎ0 must be prescribed in order to
estimate 𝑄𝑡 . Webster et al. [2020] use a value of 0.15𝐻𝑇 for
the intrusion depth, where 𝐻𝑇 is the height of the eruption
column. This suggests that ℎ0 is within the range 1.5–3 km
for columns of 10–20 km high. Values for ℎ0 are shown in
Table 2; they range from 0.5–8 km for heights that range from
10–35 km. Constraining an accurate value for ℎ0 is an issue
and a source of error for estimating 𝑄𝑐 and 𝑄𝑡 . However,
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Figure A5: Model fits for the 𝑡2/3, torus, hyperbolic and Ellipsoid
models (solid lines) and Taal eruption measurements (circles)
using appropriate values for model parameters.

the value of ℎ0 must be consistent for the constant velocity
and torus models and the fluxes estimated this way tend to
be consistent (same order of magnitude) as the 𝑄2/3 estimate
from the 𝑡2/3 model, which does not depend on ℎ0.

APPENDIX C: MODEL FITS MINIMISATION PROCEDURE
The parameters for each of the models were estimated using
the Python scipy optimise curve_fit algorithm∗. For
the 𝑡2/3 model this could be done either with a first guess
or using bounds–both methods produced good fits with an
acceptably low error covariance as there is just one param-
eter to estimate. As has been discussed, the 𝑡2/3 model is
not applicable during later times, as the intrusion decelerates.
Thus when the fits are evaluated against the measurements
the biases and rms errors tend to be large. To quantify this,

∗https://docs.scipy.org/doc/scipy/reference/generated/scipy.
optimize.curve_fit.html

the 𝑡2/3 fits were evaluated using the first 𝑛 of the 𝑁 (𝑛 < 𝑁 )
measurements in each eruption sequence and also for 𝑛 = 𝑁 .
For the hyperbolic and torus models the curve_fit procedure
only produced low covariance errors when bounds were used,
and these needed to be tight otherwise unreliable parameter
estimates resulted. The likely reason for this is that there are
too many free parameters in the models; as explained in the
documentation this can be tested by examining the condition
number of the covariance matrix. In order to reduce the num-
ber of free parameters in the torus model, we note that for this
model at 𝑡 = 0,

𝑣𝑟 = 𝑣𝑚𝑎𝑥 =
𝐴

π2
, (A13)

where 𝐴 = 𝑄0/2ℎ20 is a parameter to be estimated. In practice
𝑣𝑚𝑎𝑥 is taken to be the largest 𝑣𝑟 estimated from the data, but
this is only an approximation since the temporal sampling
may not be adequate to capture the true maximum velocity.
The minimisation proceeds by setting 𝐴=𝐴 = π2𝑣𝑚𝑎𝑥 and
then varying ω and α in small steps to find values ω 𝑗 and α 𝑗 ,
that give minimums in,

𝑟𝑏𝑖𝑎𝑠 =
1
𝑛

𝑛∑︁
𝑖=1

|𝑟𝑖 − 𝑟𝑖 |, (A14)

where 𝑛 is the number of measurements, 𝑟𝑖 is measurement 𝑖
and 𝑟𝑖 is the model estimate, and

𝑟𝑟𝑚𝑠𝑒 =

√︄∑𝑛
𝑖=1 |𝑟𝑖 − 𝑟𝑖 |2

𝑛
. (A15)

The ω 𝑗 and α 𝑗 are then input into the model and 𝐴 is varied
from 𝐴−δ𝐴 to 𝐴+δ𝐴, where δ𝐴 is a small percentage (±10%)
of 𝐴. The value of 𝐴, 𝐴 𝑗 that gives a minimum in 𝑟𝑏𝑖𝑎𝑠 is
taken as optimal. By construction 𝐴 𝑗 , ω 𝑗 and α 𝑗 give the best
fit of the model to the measurements, and the minimisation
procedure provides bounds on their values.
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